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Operator Notation
Direct tensor notation is used within this work on most occasions in order to 
reduce the size of resulting expressions. This notation represents an abbreviated 
form of the Einstein summation convention. Below is a list of operators used in this 
notation tha t should help the reader in following the expressions.
Operator Meaning
<7 , a  Lower case alphabetic or greek symbols represent second order tensors
A, M  Uppercase alphabetic or greek symbols represent fourth order tensors
[X] Square matrix
{X} Column vector
<  X  >  Row vector
X  Time derivative of X  (=  ^ )
X ^ Transpose of X
X “  ^ Inverse of X
X ”^ Transpose of the inverse of X
X  ® Y  Convolution of X  with Y, index expansion
X  : Y  Double Contracted product of X  with Y , inner product
â  Components measured in undamaged or eSective state
I Second order identity tensor
I 4  Fourth order identity tensor
IX
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Abstract
Experimental investigations and procedures for the determination of damage are pre­
sented for the macro- and micro-analysis of a  SiC-Titanium Aluminide metal matrix 
composite (MMC). Uniaxial tension tests are performed on laminate specimens of 
two different layups. The layups are balanced symmetric and given as (0/90)g and 
(±45)s, each containing four plies. Dogbone shaped flat plate specimens are fab­
ricated from each of the layups. Specimens for the different layups are loaded to 
various load levels ranging from rupture load down to 70% of the rupture load at 
room temperature. By loEiding specimens to various load levels, damage evolution 
is experimentally evaluated through a quantitative micro-analysis technique. Micro­
analysis is performed using scanning electron microscopy (SEM) on three mutually 
perpendicular representative cross sections of all specimens for the qualitative and 
quantitative determination of damage. Together these representative cross sections 
form a representative volume element (RVE) defined for the theoretical development 
of damage evolution. Results from the micro-analysis are used in evaluating the 
damage parameters defined in a previously developed damage theory (Voyiadjis and 
Kattan, 1993c). This theory uses a second order damage tensor of which it is pro­
posed will have non-zero off diagonal terms only if the load applied to the laminate 
is in a direction other than parallel to the fibers. Damage parameters are evaluated 
for each of the load levels below the rupture load, since damage features present 
at this load level are beyond the range of valid damage mechanics. Two types of 
damage evaluations are performed for the RVE, one for the overall quantification 
of damage and the other quantifying damage in the matrix and fibers separately.
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Damage as a  result of delamination is excluded in this investigation for both types 
of damage evaluation, but may be included if needed. The damage curves presented 
show graphically a consistent evolution of damage, which validates the methods used 
in evaluating the damage parameter. Curves for the different laminate layups show 
tha t damage profile curves are similar for different laminate layups and orientations. 
The off diagonal terms of the damage tensor as evaluated by the proposed scheme 
are found to be significant and should be included in any constitutive damage rela­
tion. Numerical modeling of these observations is performed using a finite element 
program tha t incorporates the proposed damage model.
XI
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Chapter 1 
Introduction
As a result of technological developments in manufacturing and process develop­
ment, advanced composite materials, such as metal matrix composites, have gained 
increased use. W ith this increased use, there exists a significant need to be able to 
evaluate and predict their mechanical behavior. Because of the material character­
istics of metal matrix composites, there is an even greater need to integrate damage 
evolution into this mechanical behavioral modeling. Currently there exist theoreti­
cal models tha t have integrated the effects of damage in describing the mechanical 
behavior of composite materials. However, experimental results studying the effec­
tiveness of these models, as well as experimental determination of damage, are very 
limited. Many factors contribute to this lack of experimental results with the most 
prominent ones being 1) material cost and 2) diflSculty in defining and measuring 
physical damage tha t can be incorporated into a  material model. Therefore, it is 
intended tha t this work will contribute to the existing experimental database on in­
vestigating damage evolution in metal matrix composites by achieving the following 
objectives:
•  development of evolution equations for damage variables associated with an 
existing damage model.
•  development of experimental techniques to quantify the aforementioned dam­
age variables in a metal matrix composite based on actual physical features.
To assist in accomplishing this task, a definition for damage, as well as a de­
scription of damage features within the scope of this work is provided. Damage is a
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
complex process that is rather difficult to define in a few words or a concise statement.
However, a brief definition that is fitting for the current work is as follows:
damage - the evolution of observable and measurable physical 
defects between a specimen’s virgin state and the initiation of 
macroscopic cracks, that result in the degradation of the speci­
men’s material properties and overall performance.
Macroscopic cracks are defined as those cracks customarily associated with fracture 
mechanics. Observable and measurable defects are limited to those defects that can 
be observed with the aid of a scanning electron microscope (SEM) at low resolu­
tions (<1000X). These defects are classified as either fiber defects or matrix defects. 
Where fiber defects are restricted to cracks within the fiber. And matrix defects are 
identified as one of the following three types; radial cracks (cracks emanating from 
the reaction zone into the matrix), m atrix cracks (cracks within the matrix only), or 
fiber-matrix debonding. Fiber-matrix debonding is arbitrarily chosen to be included 
as a matrix defect, rather than leaving it as an independent defect. However, it can 
be easily separated from the remaining matrix defects for future investigation of its 
effect and contribution to damage evolution if warranted. For the remainder of this 
discussion the previously identified defects will be referred to as damage features. 
Edge delamination and debonding will not be included or investigated as damage 
features in this work.
In order to complete this task, a theoretical model that incorporates damage must 
be selected defining a relation between physical damage and theoretical damage, as 
well as a  means of measuring the physical damage experimentally. A brief review of 
current damage models and experimental investigations of damage in metal matrix 
composites will assist in this selection.
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1.1 Theoretical Formulation of Current Damage Models
Current damage theories for composite materials are classified as one of the following; 
I continuum model
II micromechanical model
III continuum/micromechanical model
Each of these models has evolved to describe anisotropic damage. The continuum 
model is an extension of the continuum damage mechanics theory for metals, and the 
later two are modified and extended forms of the continuum model. Additionally, 
these models make use of the effective stress concept defined by Rabotnov (1968, 
1969). Effective stress is defined as the stress resulting from forces applied to an 
effective area of resistance. Where the effective area of resistance is nothing more 
than the initial area of resistance before damage less the area of all damage features 
within the cross section.
1.1.1 Continuum Model
As previously mentioned the continuum damage model for composite materials is 
an extension of the continuum damage model for metals, which stems from the pi­
oneering work of Kachanov (1958). Kachanov’s work introduced a one-dimensional 
parameter to account for the surface micro-defects (damage) as a result of creep 
rupture (see Kachanov, 1986, for a  complete presentation) . W ith this introduc­
tion, other researchers began developing material models that included the effects 
of damage. Lemaitre (1985) and Chaboche (1988a, 1988b) presented an isotropic 
model that coupled damage with plasticity, using the principle of the thermodynam­
ics of irreversible processes. Since this was an isotropic model, the damage variable
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
is a  scalar, represented by D =  where S  is the total section area, and S  is 
the effective area of resistance that takes into consideration the sum of all damage 
areas on the section. Additionally, 5  has to  account for the effects of microstress 
concentrations at discontinuities and the interactions between damage features that 
close, which can only be done accurately through the use of micromechanics, and is 
very difficult if not impossible to  achieve. However, Lemaitre bypassed this require­
ment by defining the strain equivalence principle. The strain equivalence principle 
states tha t the strain in the initial undamaged material is equivalent to the strain in 
the damaged material with strain being defined as a  function of the effective stress. 
Therefore, there is no need to compute S,  since the effective stress can be expressed 
as & = A  value for the damage variable, D, can be obtained from one of the 
various techniques tha t will be mentioned in a subsequent section. Since this model 
is built on the thermodynamics of irreversible processes, the evolution of damage is 
defined as the rate of change of the thermodynamic potential with respect to the 
change in strain energy release rate.
Additionally, Lemaitre (1992), Lemaitre and Chaboche (1990) have extended 
the previously described isotropic damage model to anisotropic damage. For the 
anisotropic case, the damage parameter is defined as a  fourth order tensor, as a 
result of the thermodynamic formulation. Other researchers (see Spencer, 1984; 
Krajcinovic and Lemaitre, 1987; Schapery, 1990; Carswell, 1988; Allix et al., 1989; 
Shen et al., 1987, e.g.) have developed similar type models with or without a thermo­
dynamic formulation. An elastic model based on distributed damage is presented by 
FVantziskonis (1988), where damage is defined using the general theory of mixtures. 
In this case, damage evolution is given solely as a function of the elastic strain. It 
has later been extended to laminated composite structures (Joshi and FYantziskonis, 
1991; Frantziskonis and Joshi, 1990).
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Damage in continuum models represents the sum of all damage features on the 
section. Because of this it cannot investigate or model the effects of individual fiber 
and matrix damage features.
1.1.2 Micromechanical Model
Micromechanical damage models investigate damage based on the individual con­
stituents (i.e. fiber and matrix). This is one of the advantages of this type model, 
in that damage can be isolated and studied at the constituent level. However, one 
major disadvantage of using a micromechanical model is that an accurate expression 
for damage in a theoretical model is difficult to obtain. Therefore, a micromechanical 
damage model does not use a damage variable to express damage. It uses various 
techniques to model the local-overall (constituent-composite) relationship as a re­
sult of microstructural changes. Most of the models developed use as a basis the 
micromechanical theory for laminated composites as discussed by Jones (1975).
Dvorak and Bahei-El-Din (1982); Bahei-El-Din and Dvorak (1982, 1989); Dvorak
(1991) developed a model along these lines, called the “Vanishing Fiber Diameter” 
(VFD) model. This model assumes that the fibers have a vanishing diameter and 
occupy a finite volume. The VFD model allows local and overall stress and strain 
to be obtained through a  volume average of the corresponding field, such that the 
fields will be uniform. Local and overall averaged quantities of stress and strain 
are related through instantaneous stress and strain concentration factors. These 
concentration factors, which change at each load increment, serve to capture the 
effects of damage in the fiber and matrix. Concentration factors are determined 
numerically from the solution of an inclusion problem. Hence, there is not a  link 
between physical damage and theoretically modeled damage, which prohibits the 
investigation of effects contributed by physical damage features.
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Making use of the regular and uniform distribution of fibers in a unidirectional 
composite, Aboudi (1987, 1989), Pindera and Aboudi (1988) presented a  microme­
chanical model based on a uniform composite cell structure. The cross section is 
modeled using a repeating cell containing four subcells, each with a square fiber of 
constant cross section and spacing. Interaction between the subcells provides the ba­
sis of capturing the microstructural changes (or damage evolution) in a composite, 
through micro variables of the subcell’s elastic displacement field. Because of the 
geometric constraints of the representative cell and its subcells, the local stress and 
strain fields are assumed as uniform; thus, they are averaged to obtain the overall 
stress and strain fields. This model has produced accurate results for composites 
meeting the theoretical assumptions (i.e. continuous unidirectional composite with 
fibers regularly spaced). However, this places significant hmitations on the use of 
this model, as most composites of practical use are other than unidirectional. As 
with the VFD model of Dvorak and Bahei-El-Din (1982); Bahei-El-Din and Dvorak 
(1989) the method of cells model does not provide a direct fink between measurable 
physical damage and theoretically modeled damage.
1.1.3 Continuum/Micromechanical Model
A continuum/micromechanical model has the abihty to theoretically model damage 
at the continuum and micromechanical levels. This type model provides an oppor­
tunity to investigate the individual effects of the fiber and m atrix damage features, 
as well as their combined effects. Recently, Voyiadjis and K attan (1993b, 1993c, 
1992a, 1992b, 1991); Kattan and Voyiadjis (1993a, 1993b) have presented a  con­
tinuum /micromechanical model that defines an individual damage operator in the 
form of a fourth order tensor for the overall composite, matrix material and fibers.
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This model uses some of the micromechanical aspects of the micromechanical model 
presented by Dvorak and Bahei-El-Din (1982); Bahei-El-Din and Dvorak (1989); 
in addition to, certain aspects of the continuum theory as presented by Lemaitre
(1992); Lemaitre and Chaboche (1990). A thermodynamic formulation is used for 
both the local approach (micromechanical) and overall approach (continuum); thus, 
providing a  means of closely modeling the real physical behavior through constitutive 
relations. Damaged and undamaged quantities are related through a fourth order 
tensorial damage operator that is a  function of a second order tensorial damage vari­
able. A powerful feature of this model is that the damage variable is represented 
by a second order tensor; thus, providing complete freedom to model damage for 
any type of problem. However, selection of an appropriate expression for the dam­
age variable may not be an easy task for all problems. This model also provides a 
relation between local and overall stress and strain fields through stress and strain 
concentration factors. Concentration factors can be transformed from their undam­
aged state to a damaged state through use of the damage operator; which provides 
an additional relation between undamaged and damaged stress and strain fields.
1.2 Experimental Determination of Damage Variables
Experimentally measuring damage is very difficult to achieve. Currently, methods 
used to measure damage have been for the continuum model, primarily for isotropic 
damage (i.e. the damage parameter is a scalar). Lemaitre and Dufailly (1987) 
listed a number of methods for measuring isotropic damage in addition to example 
applications. Several of these methods are shown in Table 1.1.
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Table 1.1: Methods of Evaluating Isotropic Damage
Micrography
Density
Elastic Modulus
D  = l - ^  
D  =  l - f
Ultrasonic Waves D  =  1 — ^
A brief description of each of these methods follows:
•  Micrography requires the observation of a representative volume element (RVE) 
for damage features, such as cavities or cracks. 6Sd represents the area of the 
damage features on the section and 6S  represents the total area of the section.
•  Density requires measurement of a specimen’s density in its undamaged state, 
p, and its damaged state, p. The expression is based on the assumption that 
all damage features are cavities with a spherical shape. This method is limited 
to ductile materials.
• Elastic modulus requires measurement of the elastic modulus, E,  before damage 
and after damage, E. The damaged elastic modulus is obtained from the 
unloading curve. This is the most widely used method because of the ease in 
which the elastic modulus can be measured. However, this method is limited 
to applications where damage is uniformly distributed in the volume on which 
the strain is being measured. This method has also been used to capture 
anisotropic damage in 3-D composites (Ladeveze et al., 1982; Dumont et al., 
1987).
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•  Ultrasonic waves require measurement of the longitudinal velocity of an ultra­
sonic wave transm itted through undamaged (%) and later through the cor­
responding damaged material (%). This method is an indirect technique in 
measuring the changes in elastic modulus, assuming that the speed a t which 
an ultrasonic wave travels through a medium is governed by the elastic modulus 
of the material.
Each of these methods are considered as destructive, since a material specimen has 
to be manufactured and tested in order to measure the appropriate damage values.
Wang et al. (1987), investigating fatigue damage evolution, used variations in the 
elastic modulus to evaluate a second order damage tensor. This was accomplished 
through the development of probability density functions for microcrack length and 
orientation with the aid of WeibuU distribution functions. The probability density 
functions are then used in the development of constitutive equations to obtain the 
damaged elastic modulus. Similarly, Poursatip et al. (1982) in their investigation 
of fatigue damage, evaluated an isotropic damage variable that depended on the 
changes in elastic modulus modified by a parameter that made adjustments for the 
interaction between the longitudinal, transverse, and shear components of the elastic 
modulus.
Shen et al. (1987) evaluated a  fourth order damage tensor as a function of a second 
order damage parameter tensor using moire interferometry. Standard relationships 
for moire interferometry were used to determine damaged strains firom the moire 
fringes. Rrom a previously developed relationship between damaged and undamaged 
strains, they were able to solve for the damage parameter tensor.
A few researchers have investigated damage in composite materials using non­
destructive advanced techniques with specialized equipment. The techniques make
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use of x-ray absorption to  identify damage features in a  material specimen. After 
identifying damage features, distribution functions can be used to incorporate the 
quantified information into a  damage variable. One of the techniques used is x-ray 
tomographic microscopy (Breunig et al., 1991). This technique yields very high reso­
lution of the sampled area; but, there is a problem with media contrast in identifying 
multiple damage features within the same area. This problem can be overcome by 
using x-ray computed tomographic microscopy (Baumann et al., 1984), that samples 
in multiple directions concurrently with averages being taken of the different direc­
tions. However, this technique yields a low resolution of the sampled area. Another 
method of eliminating media contrast problems is by using synchrotron microradi­
ography (Benci and Pope, 1988).
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Chapter 2 
A Damage and Plasticity Constitutive Model
Given the shortcomings of current work on the experimental evolution of dam­
age and its evolution at the micromechanical level, this work will focus on ex­
ploring a  method of experimentally evaluating the damage variable in the contin­
uum/micromechanical model developed by Voyiadjis and Kattan (1992a, 1993c). 
This model is selected as a result of its unique formulation to connect macro (con­
tinuum) and micro quantities coupled with damage and plasticity. It also offers the 
opportunity to  investigate the individual effects of the fiber and matrix damage fea­
tures on damage evolution. A general overview of the model is provided to give an 
insight into its theoretical development.
Currently this model has been developed for a two phase (two constituent) com­
posite materials with an elastoplastic matrix material and elastic fibers. The com­
posite must also remain within the domain of small strain theory. In developing the 
damage theory, it is assumed that the theoretical formulation for a  damaged material 
can be obtained by the following process:
I Apply normal constitutive equations to a fictitious material, which will be called 
an undamaged material, that is the mechanical equivalent of the damaged ma­
terial with all damage removed.
II Apply a damage transformation tensor to the constitutive equations obtained 
from the undamaged material, such that the effects of the removed damage are 
included to yield a  set of constitutive equations for the damaged material.
11
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For a micro mechanical model the constitutive equations are applied to the con­
stituents separately. Therefore, there are two paths that can be taken to obtain the 
constitutive equations for the damaged composite:
i Obtain constitutive equations for the undamaged composite based on those of its 
constituents. Then transform the undamaged composite equations to damaged 
equations with a damage operator for the composite. This path will be referred 
to as “overall” , in that the damage transformation tensor (damage operator) will 
express the eflfects of damage features in the fiber and matrix combined as a single 
quantity for the composite.
ii Transform the undamaged constitutive equations for each constituent with its 
respective damage operator to a set of damaged equations. Using these damaged 
constitutive equations build the appropriate equations for the composite. This 
path will be referred to as “local” , in that the damage transformation tensor 
(damage operator) will express the effects of the damage in the fiber and matrix 
as separate quantities.
Before providing a mathematical description of the “overall” and “local” formula­
tions, expressions that are common to both are given. First, it is assumed that the 
relation between the effective composite Cauchy stress and its constituent stresses is 
given by
dr Jrcfdrf (2.1)
where and are the effective matrix and fiber volume firactions, respectively, 
that satisfy the relation c”* -I- C'^  =  1. And the superposed bar represents effective 
quantities, i.e. quantities measured in the undamaged material. The superscripts
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m  and /  denote matrix and fiber quantities, respectively. Similar to the expression 
in  equation (2 .1 ), it is assumed tha t the relation between the damaged composite 
Cauchy stress and its constituent stresses can be expressed as
a - =  (2.2)
where the damaged volume fractions c”* and c/ satisfy the relation cf* +  =  1 .
Composite and constituent strain tensors are also assumed to be related through 
the constituent volume fractions. Expressions for the effective and damage relations 
are given as
€ =  c^ê"‘ +  c^ë^ (2.3a)
€ =  c'”e”‘ +  c/€^ (2.3b)
Since small strains are assumed, the effective composite strain rate tensor can be
decomposed into its elastic and plastic components using additive decomposition
such that
è = I' +  e ' (2.4)
where the “ ' ” and “ " ” symbols denote the elastic and plastic components respec­
tively. Additionally, it is assumed that the elastoplastic matrix can be decomposed 
similarly as
r  =  r ' + r "  (2.5)
Since the fibers are considered to be elastic only, decomposition of the effective strain 
rate tensor is not necessary and is given by K .
The previous equations express the composite stress and strain tensors in terms of 
its constituents for the damaged and undamaged states. A different set of equations
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are used to express the constituent stress and strain tensors in terms of those of 
the composite. These equations assume that for uniform fields or non uniform fields 
averaged over the volume, the relation can be made through the use of concentration 
factors (Dvorak, 1991). In the undamaged (or effective) state this relation is given 
as
dr  ^ =  W  { r  =  m ,  f )  (2 .6 )
where, B ’' is a fourth order tensor for the elastic stress concentration factors. For 
plastic loading equation (2 .6 ) is replaced by an incremental relation and the matrix 
elastic stress concentration factors are replaced by their plastic counterpart
^  gmp . ^  (2.7)
Concentration factors are superposed with a  bar symbol to  imply tha t they should
be evaluated based on the properties of material in the undamaged state.
Similar to the constituent-composite stress relations, strain relations are defined 
for both elastic and plastic loading such that
ë’’ =  À*" : ë (r =  m, / )  (2 .8 a)
ë”* =  : I  (2.8b)
where the tensor À  is a fourth order tensor for the effective strain concentration 
factors. As with the effective stress concentration factors, the effective strain con­
centration factors are to be evaluated from properties in the effective state. Equa­
tions (2.6)-(2.8) have been developed independently of equations (2.1), (2.3), and
(2.4); however, each set of equations should yield the same result. To ensure this, 
a  set of constraint conditions are established by substitution of equations (2 .6 ) and
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(2.8) into equations (2.1) and (2.4) respectively, which after simplifying become
c^B '" +  c^É ^= L , (2.9a)
c^À ”* +  c^À^ =  l 4  (2.9b)
A number of models are available to evaluate the stress and strain concentration 
factors (Dvorak and Bahei-El-Din, 1982; Dvorak, 1991; Gavazzi and Lagoudas, 1990; 
Lagoudas et al., 1991; Lagoudas and Gavazzi, 1990). The specific models used in 
this work are provided later in section 2.4.
When formulating the damage model along the local path, additional expressions 
similar to those previously defined must also be defined for the damage configuration. 
Specifically these expressions are the local-overall stress and strain relations of the 
m atrix and fibers. In the case of elastic loading they are,
(x’' = B ’':e r  (2 .1 0 a)
€" =  A’’ : e (2.10b)
where S ’" and A"" are the stress and strain concentration factors in the damaged con­
figuration, respectively. And in the case of plastic loading, the incremental relations 
are given as,
<r"* =  : <T (2 .1 1 a)
ê”* =  A"*P : € (2 .1 1 b)
Finally, the constraint conditions obtained from equations (2.10), (2.2) and (2.3b) 
are given by
+ = h  (2 . 1 2 a)
c’”A"* + ( /A ^  = h  (2 .1 2 b)
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2.1 Damage and Plasticity Equations
This section describes the basic transformation equations to relate damaged stresses 
and strains to their equivalent effective components plus the general plasticity theory 
used to develop the elastoplastic constitutive model. Damage transformations are 
accomplished with a damage operator, M, that is a fourth order tensor expressed as 
a function of the damage parameter only. The general form of M  and the damage 
parameter tensor are presented in Appendix A.I. Using the damage operator, M, 
the relation between the composite undamaged and damaged stresses is expressed as
Ô- =  M  : CT (2.1.1)
Damage transformation for the constituents is expressed by a relation similar to that 
of equation (2 . 1 . 1 )
Ô-’' =  M*" : o-’’ (r =  m, / )  (2 .1 .2 )
Note that the damage operator in equation (2.1.1) is replaced by a damage operator
for the fiber and matrix. The damage operator, M*" (r =  m , / ) ,  is a function of a 
damage parameter that expresses the damage features of the respective components.
From the hypothesis of elastic energy equivalence, strain transformation relations 
similar to those for stress are derived and presented as follows
e' =  M -^  : e' (2.1.3a)
(2.1.3b)
(2.1.3c)
e =  M "^ : é' +  M "^  : é' (2.1.3d)
e" =  X  : e" +  z (2.1.3e)
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where the exponent (~^) represents the transpose of the tensor inverse. Terms in 
equations (2.1.3d) and (2.1.3e) are further described in Appendix A.2.
Equations used in the plasticity theory are developed on the behavior of the 
m atrix material in its undamaged or effective state. In this state, the behavior of 
the m atrix material will follow that of a  typical elastoplastic material; therefore, 
the basic plasticity equations will be the same as those found in standard books on 
plasticity. However, all quantities used must be evaluated in the effective state.
The damage model presented uses a von Mises type yield function defined as
-  c T )  : ( r ’" -  a"*) - d f ^ O  (2.1.4)
where, & â ”* are the deviatoric components of the effective matrix stress, a-”*, 
and backstress, yS*”, respectively, and âj* is the undamaged uniaxial tensile strength 
of the matrix material. Plastic flow is described by an associated flow rule of the 
form
(2.1.5)
im  t-m
where, A is a scalar function determined from the consistency condition /  = 0 .  
Plastic hardening is confined to kinematic hardening described by a Prager-Ziegler 
evolution law of the form
è r  = } r { f ^ - â ’^ ) (2.1.6)
where p!^ is a scalar function obtained from the assumption that its projection onto 
the gradient of the yield surface is equivalent to be^  . This assumption can be 
expressed as
5 ^  • ôâ™
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where, 6  is a  material constant obtained from a uniaxial tensile test on the matrix 
material. Rrom equations (2.1.5)-(2.1.7), j f '  can be derived as,
-m ÊTL.ÊÎ:!
In order to investigate plasticity in the damaged state, the previous effective plas­
ticity equations need to  be expressed in the damaged state. This is accomplished 
by transforming the stress and strain quantities using the previously described dam­
age transformation relations, in addition to the deviatoric transformation equations 
described in Appendix A.3.
2.2 Damage Paths
As previously mentioned there are two possible paths tha t can be taken to obtain the 
constitutive equations for a  damaged composite. This section describes the necessary 
equations to obtain the final damage constitutive relations for each path taken.
2.2.1 Overall Path
The final damaged constitutive relation for this path is obtained by transforming 
the effective composite constitutive relations with the overall damage operator M. 
Additionally, the effective plasticity relations are transformed to their respective 
components in the damaged configuration. Since, the effective composite constitutive 
relations are developed from those of the constituents, there must exist a  relation 
between the effective constituent stress and the damaged composite stress. Using 
equations (2 .6 ) and (2 . 1 .1 ), such a relation can be obtained as,
â ’’ =  C" : <y (2.2.1)
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where,
C" =  B ’’ : M  (2.2.2)
Also, in transforming the effective yield function into the damage state, a  relation 
is defined between the effective deviatoric constituent stress and the damaged com­
posite total stresses. Rrom equations (2.1.1) and (A.3.3a) this relation is obtained 
as
r ’' =  R’' : <r (2.2.3)
where,
R" =  P" : M  (2.2.4)
Another useful relation can be found from equations (2 .2 .2 ), (2.2.4) and (A.3.1) to 
obtain
R r =  C - l l ® ( I : C 3  (2.2.5)
The effective yield function in equation (2.1.4) is expressed in terms of deviatoric 
components of stress. It can also be expressed in terms of the total effective stress 
by making use of equations (A.3.3a), (A.3.2) and (A.3.7e)i to obtain,
/  =  ^ ( â  -  ^ )  : B"* : P ”* : (^  -  i9) -  < ’ =  0 (2.2.6)
Equation (2.2.6) can now be transformed into the yield function in the damaged com­
posite configuration with the aid of equations (2 .1 .1 ), (A.3.7f)i, (2 .2 .2 ) and (2.2.4)
/  =  ^(<r -  /3) : H -  : (o- -  /3) -  â f  =  0 (2.2.7)
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where,
H '” =  C"* : R '" =  B"* ; M  : P"» : M  (2 .2 .8 )
As in the case of the yield criterion, the effective flow rule for the matrix, (2.1.5) 
is expressed in terms of effective composite components to yield,
f  =  A : ^  (2.2.9)
where.
À =  : B ”*'* (2.2.10)
Then equation (2.2.9) can be transformed into a damage flow rule in terms of total 
stresses and strains in the damaged state using equations (2.1.1) and (2.1.3e) to 
obtain.
ê" =  À : ^ 4 - € "  (2.2.11)
where.
À =  À : X-* : M -^ (2 .2 . 1 2 a)
e" =  -X -^  : z (2 .2 . 1 2 b)
A general kinematic hardening rule is also derived for the damaged configuration. 
The basis of this hardening rule as used in the effective configuration is that proposed 
by Dvorak and Bahei-El-Din (1982). This rule can be obtained by manipulating 
equation (2.2.9), in the case of the matrix, through differentiation and additional 
operations in conjunction with equations (A.3.7d)i and (2.2.10) to obtain,
=  (I4  -  B"*“‘ : B ’”P) : & -  B ”»'* : (2.2.13)
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
21
i  m
where (3 is the Prager-Ziegler evolution for the matrix in the effective configuration 
obtained explicitly by substituting equations (A.3.3a) and (A.3.7e)i into equation 
(2.1.6)
: (ff -  )9) (2.2.14)
After substituting equation (2.2.14) into (2.2.13), the effective kinematic hardening 
rule becomes,
$ = { l 4 -  : B ’"P) : & +  : P"* : ( â  -  i3)
(2.2.15)
Finally, the hardening rule for the damaged configuration is obtained by applying 
the damage transformation expressions in Appendix A.3 to  the relative quantities in 
equation (2.2.15) to obtain,
/3 =  'ÿ :flr  —x;: i9 +  n ; < r  (2.2.16)
where.
(2.2.17a)
$  =  M - h  ( I ® I - B ' "  ;B ’"P) :M  +
: B"*"‘ : P"* : M 
X =  M-* : (M  +  /i"‘B"*"’ : P ”* : M ) (2.2.17b)
n  =  M - ^ : ( l 0 l - B ”*"‘ : B ’”P ) : M  (2.2.17c)
The last step in modeling damage using the overall path is to define the consti­
tutive model for the damaged configuration. This is done by first defining the elastic 
constitutive relations for the fiber and matrix in their effective configuration as
âr"* =  Ë"* : i*”' (2.2.18a)
= W  \ (2.2.18b)
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where È"* and are the elasticity tensors for the matrix and fiber respectively. 
Using equations (2.1) and (2.8a) equations (2.2.18) can be combined to yield the 
composite elastic constitutive relation in the effective configuration:
& =  Ê  : € (2.2.19a)
where,
È  =  c^Ë"* : À ”* +  c^Ë^ : (2.2.19b)
The plastic flow rule given by equation (2.1.5) and the strain decomposition ex­
pression in equation (2.4) are used to express equation (2.2.19a) in terms of total 
strains
à- =  Ë  : ( i  -  À : 1 ^ )  (2.2.20)
U(T
The tensoriaJ multiplier À is determined from the consistency condition /  =  0 or,
Performing the differentiation of equation (2.2.6), equation (2.2.21) becomes 
Q: { &- $ ) :  B’"'* : B’"»’ : Ë : (e  -  A : |^ )
UfT
-  T Q  : ( à  -  3 )  : B"*"‘ : P"* : ( â  -  i3) =  0 (2.2.22a)
where.
Q  =  ^ (B ”* : P '"  +  P '” : B"*) (2.2.22b)
In order to  solve for A in equation (2.2.22a), /i”* must be expressed in terms of 
A. The condition equation necessary to achieve this is obtained by solving (2.1.8) 
for a  von Mises type yield function as follows,
f i"  =  36Â”* (2.2.23)
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
23
with substitution into equation (2 .2 . 1 0 ) to obtain,
i tn
A =  : B"*'* (2.2.24)
Equation (2.2.24) cannot be directly applied to equation (2.2.22a); however, with 
further manipulations, the final expression for À can be expressed as,
A =  ( t : È  : i)À '"P '‘ ; B ’"'* (2.2.25a)
where,
( â - ^ )  : Q : B " * ”' : B ' ”P 
* “  (Ô- -  )9) : Q : B"*-’ : [B»"p : Ê  : : B ”»'* : Q +  36P'"] : { & - $ )
(2.2.25b)
Following substitution of the expression for A in equation (2.2.25a), the effective 
elastoplastic constitutive relation given in equation (2 .2 .2 0 ) becomes,
& =  D  È (2.2.26a)
where, D is the effective elastoplastic stiffness tensor, given by
D  =  É -  [Ë : : S'""* ; Q : ( à  -  )9)] ® (t : Ê)
(2.2.26b)
The final step for damage investigation using the overall path is to transform the 
effective elastoplastic constitutive relation, equation (2.2.26a), into an equivalent 
expression in the damaged configuration. This can be accomphshed by manipulating 
equation (2.2.26a) with substitution by equations (2.4), (2.1.1), (2.1.3d) and (2.1.3e) 
to obtain,
<T =  D  : é +  G  (2.2.27a)
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where,
D  =  O-^ : D  : X  (2.2.27b)
G  =  : D  : z (2.2.27c)
W  a<t> ' da 
+  D :  ( M - ^ : E " ^ - X : E - ^
ai a<t> • ôcr
The terms, (j), l, L  and g in equation (2.2.27d) are parameters related to damage 
and its evolution and will be discussed thoroughly in Section 2.3. Equation (2.2.27a) 
represents the governing constitutive relation for a damaged material. However, with 
additional algebraic manipulations and making use of the expressions presented in 
Appendix A .l, equation (2.2.27a) may be rewritten as,
<7 =  D* ; é (2.2.28a)
where.
D* =  (O-^ : D  -  V - ')  : X  (2.2.28b)
v = - —
Oi
E - ' : i T
f - H ■ k \ ^ ^ ® N : ( o -  0 )  (2.2.28c)
2.2.2 Local P a th
This path to  damage allows damage in the fiber and matrix to be treated as separate 
and distinct mechanisms. As such it requires two damage operators M"* and to 
transform the m atrix and fiber relations respectively, as indicated in equation (2 .1 .2 ).
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Each of these damage operators represents the effects of damage in their respective 
constituents only. Following transformation of the matrix and fiber constitutive 
relations from the effective configuration to the damaged configuration, the damaged 
composite constitutive model is formulated based on these relations.
IVansformation of the local constitutive relations entails transforming stress and 
strain concentration factors, yield criterion, flow rule and kinematic hardening rela­
tionship for the effects of damage. An expression for the damaged stress concentra­
tion factor can be obtained by substituting equations (2 .1 .1 ) and (2 .1 .2 ) into equation 
(2 .6 ) followed by a  comparison of the result with equation (2 .1 0 a), which yields
B ’’ =  IVr"' : B" : M  (2.2.29)
Likewise, an expression for the damaged strain concentration factor can be obtained 
by making use of equations, (2.1.3a)-(2.1.3c), (2.10b) and (2.8a) to obtain,
A’’ =  M ’’ : À ’’ : (2.2.30)
The effective yield function given by equation (2.1.4) can be transformed into its 
counterpart in the damaged configuration through use of the deviatoric expressions 
in equations (A.3.6b), (A.3.5)2 and (A.3.7g)2 to yield,
-  ;9^) : M '” : N"* : -  /3^) -  â ”** =  0
(2.2.31)
Performing a  substitution with equations (2 . 1 0 a) and (A.3 .7 d ) 2  on equation (2.2.31) 
yields the composite yield function in the damaged configuration. This yield function 
is identical in form to equation (2.2.7); however, the tensor, H"* is given by
H '" =  M '" : N ”* ; B"* : B"» (2.2.32)
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Making the appropriate substitutions in equation (2.1.5) from equation (2.1.2) 
and (A.2.2), results in the damaged configuration fiow rule for the matrix material 
as follows,
€"*" =  À’" : +  €”*" (2.2.33a)
ao-’"
where,
=  (2.2.33b)
|m" ^  _ x m -‘ . gm (2.2.33c)
The corresponding flow rule for the composite system is now obtained through sub­
stitution of equations (2.10a) and (2.11b) into equation (2.2.33), resulting in an 
expression identical in form to that of equation (2.2.11). However, for the local path 
to  damage, the tensors A and e" are given as
À =  a ”‘a ’"p“  ; : M"*"' : (2.2.34a)
e" =  -X"*”' : z'" : A ’"p"‘ (2.2.34b)
The final quantity to be transformed to  the damaged configuration before formulation 
of the constitutive model is the kinematic hardening law given by equation (2 .1 .6 ). 
Operating on equation (2.1.6) with the deviatoric relations of equations (A.3.6 b) and 
(A.3 .7 g ) 2  yields
/s'" = -  {p T l ® 14- N'""' : N"*) : (3 ^ (2.2.35)
Differentiating the difference of equations (2 .1 0 a) and (A.3 .7 d ) 2  followed by substi­
tution of equation (2 . 1 0 a) into the resulting expression, the following expression for
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P  is obtained,
P =  : B"» -  B”*”‘ : B"*p) : & + B”*"‘ : B"* : or
-  B”*"' : B"* : B'"*’ + B’"^ B”*"‘
(2.2.36)
Finally substituting for ^  from equation (2.2.35) into equation (2.2.36) results in 
the following kinematic hardening rule for the damaged configuration,
/3 =  ^ : < r - x : j 9  +  n : ( T  (2.2.37a)
where,
$  =  B '" : B"' +  (2.2.37b)
(2.2.37c)
Nm-> . I j^mj . gmp
n  =  I  ® I -  B '"”‘ : B'"" (2.2.37d)
Formulation of the constitutive model for the local path, begins with expressing 
the elastic constitutive equations for the matrix and fiber in equation (2.2.18) into a 
corresponding set of relations in the damaged configuration, i.e.
=  E"* : €”•' (2.2.38a)
= : e /' (2.2.38b)
where the elastic stiffriess tensors E ”* and E^ are given by
E’’ =  : Ê" : M ’" ‘ (2.2.38c)
And the elastic constitutive relation for the damaged composite system becomes 
(Lemaitre, 1985, 1986),
fr =  E  : è' (2.2.39a)
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where,
E  =  c'^ A T  : E"* +  : E^ (2.2.39b)
Next, an elastoplastic constitutive relation for the matrix in the damaged config­
uration is developed starting with an effective relation of the form,
=  D"* : I"* (2.2.40a)
where the effective matrix elastoplastic stiffness tensor D"* (Lemaitre, 1984) is given
by,
D "  =  É "  -  i  ( ^  : Ë ” )  ® ( è "  : (2.2.40b)
and,
d/’" , a/'" (2.2.40c)
(T"
M ating use of the damage theory proposed by Voyiadjis and Kattan (1992c), equa­
tion (2.2.40a) can be transformed into the damaged configuration to obtain,
<7 "* =  D ”* : €"• +  G"* (2.2.41a)
where.
D»n ^  Qm-I . p m  . xm  (2.2.41b)
Qm =  gm  : . gm  . (2.2.41c)
4- D”* : (M”*""’ ; E'""' -  X"* : E"*"* -
d M m-T  S i
■ 9 < r
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and the quantities Z”*, L”* and 5 ”* are parameters related to damage and its 
evolution of the matrix material that will be explained in Section 2.3
Finally, the constitutive relation for the damaged composite system is obtained 
by combining equations (2.2.38b) and (2.2.41a) in equation (2.2) resulting in the 
relation,
<T =  D  : € +  G  (2.2.42a)
where.
D =  c"*A"*P : D ”* +  ( /A /  : (2.2.42b)
G  =  ( T G ^  +  ( /A /  : È / (2.2.42c)
2.3 Damage Evolution
The development of damage evolution used in this work stems from energy and ex­
trem a principles that depend on a damage strengthening criterion expressed in terms 
of a function g. Since the overall damage operator, M  is a function of the overall 
damage tensor, 0  and the local damage operator, M*" is a  function of the local dam­
age tensors, (f/, kinetic equations for the damage tensors must be defined to describe 
damage evolution. This is accomplished by the generalized thermodynamic forces 
y  and y*" tha t are associated with 4> and <j/ respectively, introduced by Lemaitre 
(1985) and defined as,
where U and U'' represent the overall and local free energies, respectively. The dam­
age criterion function g is a modified version of that proposed by Lee et al. (1985)
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and defined as,
g{y>L) = - y :  3 : y  -  L{1) = 0 (2.3.2)
where, L{1) is a  scalar function of the overall scalar damage parameter I and J  is 
a  constant fourth order symmetric and isotropic tensor, also proposed by Lee et al. 
(1985), with a matrix representation given by.
[J] —
1 /i 0 0 0
1 0 0 0
1 0 0 0
0 0 0 2 ( 1 - / x ) 0 0
0 0 0 0 2 ( 1 - / x ) 0
0 0 0 0 0 2 ( 1 - ax)
(2.3.3)
The quantity fx in equation (2.3.3) is a material constant satisfying the relation 
—l / 2 < / i <  1. Similarly, the local damage criterion function g'" is defined as
(2.3.4)
Total power of dissipation, II, as a  result of plastic deformation and damage is 
given by (Voyiadjis and Kattan, 1990)
U = cr : e" + y  : ^  -  L i  (2.3.5)
Equation (2.3.5) can now be used to obtain values for <r, 0  and I by determining the 
extrema of II subject to the constraints f{r,a,<f>) =  0 and g{y,L)  =  0. Using the 
variational method for a function of several variables, this extrema problem can be 
expressed as a new function ^  in terms of II, / ,  g and two Lagrange multipliers. A] 
and Ag, i.e.
^  =  11 — X \ f  — Agg (2.3.6)
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Now the problem can be solved by evaluating the extrema of the function ^  with 
the necessary conditions =  0, ^  =  0 and =  0 to obtain
ê " - Â i | ^  =  0 (2.3.7a)
u(T
0 _ Â 2 ^  =  O (2.3.7b)ay
- / - Â 2 ^  =  0 (2.3.7c)
Carrying out the differentiation for ^  in equation (2.3.2) yields Â2  =  /• There­
fore, assuming tha t damage and plastic deformation are two independent processes, 
equations (2.3.7a) and (2.3.7b) can be rewritten as,
e" =  A i |^  (2.3.8a)
0(T
ij) =  (2.3.8b)
Equation (2.3.8a) is the associated flow rule presented in equation (2.1.5); there­
fore, Ai =  A, where A is as deflned earlier. And equation (2.3.8b) is the general 
overall damage evolution equation. I is found by invoking the consistency condition 
5 (y,L) =  0or,
Substituting the appropriate partial derivatives for g and defining L =  f ( ^ ) ,  results 
in the following expression for /,
i =  (2-3W)
w
Finally, equation (2.3.8b) becomes
« = ^ 1  P.3,11)
Similar expressions for damage evolution in the matrix and fiber can also be derived 
following the same procedure.
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2.4 Evaluating Concentration Factors
There are three different models used to evaluate the strain and stress concentration 
factors. These models are the, 1) Voigt, 2) Self-Consistent and 3) Mori-Tanaka 
discussed in detail in the following sections.
2.4.1 Voigt Model
This model assumes that the strain in the constituents and the composite is equal (i.e. 
g/ _  gtn _  gj As such, the relations in equation (2.8) force the strain concentration 
factors in the fiber and matrix to be the identity tensor during elastic and plastic 
loading,
À^ =  À’" =  À  =  l4 (2.4.1)
Using equation (2.6) and expressing stress in terms of strain, the elastic stress con­
centration factors are found to be,
B"» =  È-^ : È"* (2.4.2a)
B / =  : Ë / (2.4.2b)
and the plastic stress concentration factors for the matrix are given as,
gmp ^  g - i  . gm  (2.4.2c)
where D “*, D*" is the elastoplastic stif&iess for the composite and matrix material 
respectively.
2.4.2 Self-Consistent Model
Within the self-consistent model, stress and strain concentration factors are evaluated 
through the solution of an inclusion problem, where the fibers are treated as an
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ellipsoid shaped inclusion subjected to uniform stress and strain fields. Eshelby’s 
tensor, S, and the equivalence principle (Eshelby, 1957) in conjunction with the 
work by Hill (1965) are used in the development of the model within this work. First 
a  relation is defined between the uniform stress and strain fields within the inclusion 
as,
tr* =  -E *  : 6* (2.4.3a)
â j - â  = E* : { ê i -  e) (2.4.3b)
where ô-/, éj aie the actual fields in the inclusion, and â ,  è are the uniform far fields. 
Next the inclusion properties are related with those of the surrounding medium using 
Eshelby’s equivalence principle. This approach solves a transformation problem for 
an infinite homogeneous continuum with stif&iess E. If this continuum is subjected
to  a transformation strain, e‘, then the effects on an ellipsoidal region will be S : e‘,
where S is Eshelby’s tensor to be defined in detail later. Treating the ellipsoidal 
region as an inclusion, express the stress and strain as,
e* =  S : e‘ (2.4.4a)
=  E  : (e* -  e‘) (2.4.4b)
After substituting equations (2.4.4) into equation (2.4.3a), the following relation is 
obtained,
E* : S =  E  : (I4 -  S) (2.4.5a)
or.
(I4 -  S) : E* =  S : E-^ (2.4.5b)
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Rewriting equations (2.1) and (2.3a) the following relations are established,
( / ( ô - ^ - â )  +  c"‘(ô-"*-ô-) = 0  (2.4.6a)
( / (g/ -  ë) +  cf*(ë"* -  ë) =  0 (2.4.6b)
By definition from equation (2.4.3b),
0-^ -  Ô- =  E* : (ë -  ë^) (2.4.7a)
and from equation (2.4.6)
â"* -  â  =  E* : (ë -  ë”*) (2.4.7b)
or rewriting equations (2.4.7) in terms of stress and strain,
(E ‘ +  E /)  : ë / =  (E* +  E ”*) ; ë”* =  (E* +  E) : ë (2.4.8a)
(E* +  E /) : =  (E* +  E ”*) : â"* =  (E* +  E) : â  (2.4.8b)
Substituting equations (2.4.8a) and (2.4.8b) into equations (2.8a) and (2.6) respec­
tively, generates the necessary elastic concentration factors,
A /" ' =  (E* 4- E)-^ : (E* H- E ^  (2.4.9a)
A ”*'* =  (E* 4- E)-^ : (E* 4- E">) (2.4.9b)
=  (E*"‘ 4- E-^)-^ : (E*"' 4- E^”‘) (2.4.9c)
B"*"‘ =  (E*"‘ 4- E-^)-^ : (E*"‘ 4- E ”*"*) (2.4.9d)
or upon using the relations in equation (2.4.5),
A/"' =  I4 4- S : E-^ : (E^ -  E) (2.4.10a)
A ”*‘ ‘ =  I 4  4- S : E " i : (E"* -  E) (2.4.10b)
=  I4 4 - E  : (I4 -  S) : (E^"‘ -  E"^) (2.4.10c)
B ”*“' =  I4 4 - E  : (I4 -  S) : (E"*"‘ -  E “ )^ (2.4.lOd)
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
35
In the case of plastic analysis, the concentration factors for the matrix become,
=  I4  +  : D~^ : (O’" -  D) (2.4.11a)
=  I4 +  D : (I4 -  S’"P) ; (D"*'* -  (2.4.11b)
where S is evaluated using plastic quantities, and D  is the elastoplastic stiffness 
tensor.
As indicated in the previous equations, Eshelby’s tensor depends on the material 
properties of the matrix and the geometric shape of the inclusion (i.e. fiber). As 
such, two representations of this tensor are used depending on whether the analysis 
is elastic or elastoplastic. A closed form expression for Eshelby’s tensor exists under 
elastic analysis. Non-zero components of the elastic Eshelby’s tensor for a cylindrical 
inclusion of circular cross-section are given as (Mura, 1982),
=  <52222 =  <51122 =  <52211 =  8(1-J™)
<5i133 =  <52233 =  2(1-1/’") ^1212 =  g^ i-I^ r") (2.4.12)
<52323 =  ^3131 =  I  
where is Poisson’s ratio for the matrix material.
There does not exist a closed form solution for Eshelby’s tensor under an elasto­
plastic loading. The general form of this tensor (Mura, 1982) is,
SyS =  1 ^ '
(2.4.13a)
where.
Cl =  \ / ( l  -  C l) c o s ta  (2 =  \ Z ( 1 - C l )  s in  ta
Cs — Cs ^(C) — ^mnl A’nii/t^2'fCl3
— 2^ ikl^ jmn^ kmKln Kik = -I/OyiiiCjCl
(2.4.13b)
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and 6 yfc is the permutation tensor, EJ* is the initial elastic stifhiess tensor for the 
matrix material, Oÿ, (f =  1,2,3) are geometric properties of the inclusion. A nu­
merical technique developed by Gavazzi and Lagoudas (1990) is used to  integrate 
equation (2.4.13a) using Gaussian quadrature and is given by,
1 Af N
~  ^  X / (^g, Csp) +  Gjmin{^qi C3p)}^pq
p=l 9 = 1
(2.4.14)
where M , AT are the integration points for ( 3 , w respectively, and Wpg are the asso­
ciated Gaussian weights. S’"*’ is evaluated for each load increment.
2.4.3 Mori-Tanaka Model
Development of the Mori-Tanaka model follows closely that of the previously de­
scribed Self-Consistent model. However, the inclusions are assumed to be dispersed
in an infinite medium with properties of the matrix material. As such, replacing
the composite quantities with the corresponding matrix values in the Self-Consistent 
model produces partial concentration factors as indicated by equations (2.4.10). The 
partial concentration factors stem from the relations (Dvorak, 1991; Chen et al., 
1992)
g/ =  T  : e’" ; <r^= W  : <r’" (2.4.15)
Therefore, from equations (2.4.10a) and (2.4.10c), T  and W  are given explicitly as,
T  =  I 4  +  S : E '" '‘ : (E^ -  E '") (2.4.16a)
W  =  I4 +  E*" : (I4 -  S) : (E^“‘ -  E"*'‘) (2.4.16b)
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Substituting equations (2.4.16a) and (2.4.16b) into equations (2.3a) and (2.1) re­
spectively and solving for the fiber and matrix quantities in terms of the composite 
averages yields the following set of equations:
€/ =  [(/l4-t-c"*T-^]-^ :ë (2.4.17a)
e”* =  [c/T +  c’"l4]-^ :6 (2.4.17b)
=  [c/l4 + c”‘W -^]-^ : & (2.4.17c)
=  [c/W  -F c"*l4]-^ : â (2.4.17d)
Finally, the stress and strain concentration factors can be readily obtained from
equations (2.4.17) and are given as,
A / =  [c/l4 +  c’"T -^ ]- ' (2.4.18a)
A ”* =  [c/T +  c'"l4]-' (2.4.18b)
B / =  [<Jh +  c'”W -^]-* (2.4.18c)
B ”* =  [c/W -f-c’"l4]“ ^ (2.4.18d)
or after substituting the appropriate expressions for T  and W ,
A / =  [cfh +  c”*(l4  +  s : : (E^ -  E ”’))-*]"*
(2.4.19a)
A"* =  [c/(l4 4- S : E ”*"‘ : (E^ -  ET)) 4- (2.4.19b)
= [cfh + c ^ {h  + E ^ : { h - S ) :  
(E/‘‘ -  E"""'))-:]-:
(2.4.19c)
B"* = [c^ (l4 4-E'":(l4-S): 
(E/“‘ -E’”"‘))4-c’"l4]-‘
(2.4.19d)
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And during plastic loading, the strain and stress concentration factors for the matrix 
become,
A’"P =  [c/(l4 + : D"*"' : (D^ -  D"*)) +
(2.4.20a)
B ”*P =  [c/(l4 +  D ”* : ( L , - S ’"P):
(2.4.20b)
(D ^ '‘ - D " '”‘) )+ c '" l4 ] - '
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Chapter 3 
Experimental Modeling
The goal of the experimental model is to collect data in order to quantify damage 
as well as develop an evolution relation for damage in a material specimen. This 
data will be used to validate the theoretical damage model. Additionally, data 
collected is to  be contributed to a database for future modeling and investigation of 
damage evolution. This is achieved through proper mechanical testing and analysis 
of damaged specimens. The procedure utilized for each of these requirements is 
explained in detail in the following sections. These requirements are further grouped 
as macro-analysis (mechanical modeling) and micro-analysis (damage quantification 
in damaged specimens).
3.1 Mechanical Testing
Mechanical testing consists of selecting the proper specimen design, preparing the 
specimens for testing, and collecting the mechanical response from a tensile test. 
More elaborate tests (e.g. cyclic loading) could not be performed due to the pro­
hibitive cost of the specimens. In order to ensure that a reliable set of test data is 
collected, the most currently available testing techniques and equipment are utilized.
3.1.1 Specimen Design and Preparation
As previously mentioned, the material investigated is a  titanium aluminide composite 
reinforced with continuous SiC (SCS-6 ) fibers. The SiC (SCS-6 ) fibers are developed
39
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and produced by the manufacturer of the initial flat plate specimens. Typical prop­
erties of the SiC fibers, as provided by the manufacturer, are shown in Table 3.1. 
It is also reported tha t these fibers have good wettability characteristics for metals.
Table 3.1: Typical Properties of Silicon Carbide Fibers
diameter 0.0055 in
density 190.0125 I b / f f
tensile strength 498.9123 ksi
Yotmg’s modulus 60.0435 M si
Poisson ratio 0 . 2 2
CTE 2.3 X 10-6 ppm -  °C at RT
Provided by Textron Speciality Materials,Inc. Lowell,MA USA
which should minimize the chances of voids being induced during the manufacturing 
process. Additionally, these fibers are coated with a carbon rich coating that assists 
in protecting the inner SiC from damage during handling.
The titanium aluminide foil is an ag phase material that has typical properties, 
provided by the manufacturer, as shown in Table 3.2. The manufacturer also pro­
vided properties of a composite lamina for 0° and 90° orientations obtained from 
experimental tests conducted on manufactured specimens. These values are as re­
ported in Table 3.3.
Hand layup techniques were used to fabricate two different specimen layups [ 
i.e. (0/90)s and (± 4 5 ) 5  ] from SCS- 6  SiC fiber mats and Ti-14Al-21Nb (ag) foils 
from rolled ingot material. Each of the layups contained four plies. Fibers, in the 
fiber mat, were held together with molybdenum wires, which aided in keeping the 
fibers aligned and equally spaced during the consohdation process. Consolidation was
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Table 3.2: Typical Properties of Ti-14Al-21Nb (0 2 ) Matrix
composition: Ti 63.4 %
A1 14.4 %
Nb 2 2 . 1  %
tensile strength 64.9746 ksi
Yoimg’s modulus 12.1972 M si
Poisson ratio 0.30
Provided by Textron Speciality Materials,Inc. Lowell,MA USA
Table 3.3: Typical Properties of SiC-Ti-Al Lamina
0 ° tensile strength 200.14 -  220.45 ksi
90° tensile strength 14.93 -  29.88 ksi
longitudinal modulus 28.86 M si
transverse modulus 19.72 M si
shear modulus, G u 7.6 M si
poisson ratios
U12 =  0.27 
1/21 = 0.185 
f/ 3 1  — 0.31
Provided by Textron Speciality Materials,lnc, Lowell,MA USA
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accomplished by hot-isostatic-pressing (HIP) in a steel vacuum bag at 1010®C ±  25° 
under 14.93 ksi  pressure for 2 hrs. C-scans were performed on each specimen plate 
(Figures 3.1 and 3.2) to evaluate the consolidation and fiber alignment of the finished 
product. The scans were evaluated for uniformity in the gray scale intensity, where 
the more uniform the gray scale intensity, the better the consolidation. Results 
indicate very good consolidation for the crossply specimen, (0/90)g with some fiber 
misalignment along the plate edges. However, the (±45)s plate has generally good 
consolidation with significant occurrences of fiber misalignment or fiber bundling on 
the interior of the plate as well as the edges.
As a  result of fiber misalignment and diflferences in coefficients of thermal ex­
pansion for the fiber and matrix, noticeable warpage was found on each of the plate 
specimens. Much of the warpage was confined to the edges of each plate, with a 
maximum relative elevation difference of 0.88 in  for the (0/90)g plate and 0.51 in  for 
the (±45)s plate. A complete topographical mapping of the relative elevations for 
the (0/90)s and (±45)g plates are shown in Figures 3.3 and 3.4, respectively. Of 
particular concern is whether or not this warpage will induce any detectable damage 
during the preparation of the actual test specimens.
Nevertheless, each of the laminates was machined to produce six test specimens 
with shape and dimensions as indicated in Figure 3.5. Specimen locations are selected 
in order to  minimize the effects of the laminate warpage on the test specimens. The 
locations tha t were selected had the minimum warpage, so that the level of prestress 
would be negligible during testing. They also exhibit no detectable evidence of 
damage to  the fiber or matrix. This is verified through C-scans of the individual 
test specimens after machining. Sample C-scans for a typical specimen from each 
layup are shown in Figures 3.6 and 3.7 to illustrate this fact. These are gray scale
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Figure 3.1: C-scan for (0/90)g laminate specimen (performed by Cincinnati Testing 
Laboratories, Inc.)
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Figure 3.2: C-scan for (±45)s laminate specimen (performed by Cincinnati Testing 
Laboratories, Inc.)
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0 .000 ' 0.260 0 .000 '
0.4800 . 120 ' 0.450
0.8800.4700 .000 '
Thickness: 0 .038-0.041 in
Figure 3.3; Relative elevation for (0/90)g laminate showing manufacturing distortion 
(performed by Cincinnati Testing Laboratories, Inc.)
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■•0.050" ^075 ' 0.0&)""'
0.055"
1 2 "  f 0.025"
0.140"
+ 0.365'
0 . 120" 0 . 000" 
_±L.
Thickness: 0 .037 -0 .042  in 
12 " .
.5 ig
Figure 3.4; Relative elevation for (±45)5 laminate showing manufacturing distortion 
(performed by Cincinnati Testing Laboratories, Inc.)
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4.92R in
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1.0 in *
Figure 3.5: Dogbone Shaped Tensile Specimen
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Ultrasonic C-Scan  
Sample no. 549L-6
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Amplitude o f 3rd backwali echo
Min. M ax.
(a)
Ultrasonic C-Scan  
Sample no. 549L-6
Amplitude o f 3rd backwali echo
Min. Max.
(b)
Figure 3.6: C-Scan of selected (0/90)g specimen : (a) full specimen (b) magnified 
1 inch gage section
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Ultrasonic C-Scan  
Sample no. 550L-1
Min.
Amplitude, of 3rd backwali echo
Max.
(b)
Figure 3.7: C-Scan of selected (±45)g specimen : (a) full specimen (b) magnified 
1 inch gage section
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images, which are interpreted as the darker the image the better the consolidation 
and fiber alignment. The 3rd backwali echo represents the amplitude of the third 
return wave of the initial excitation frequency. This echo is customarily used as it 
is the most stable and accurate. Also these scans correspond to  previous scans done 
on the initial plate specimen, which implies th a t machining of the test specimens did 
not induce any detectable damage.
The dogbone type specimen in Figure 3.5 has been used successfully by previous 
researchers (Lemaitre and Chaboche, 1990) to  ensure specimen failure within the 
gage section and not the grips. These specimens had aluminum tabs arc-welded 
onto the ends in order to  prevent the mechanical grips from damaging the specimen. 
Welds are made on the extreme ends, producing local damage only in the vicinity of 
the weld.
An investigation into damage evolution in a complex strain field is performed 
using an initial crack specimen, with shape and dimension as shown in Figure 3.8. 
Three test specimens of this type are machined from each of the layups, taking 
the same care in selecting specimen locations as for the dogbone type specimens. 
Aluminum tabs are also arc-welded onto the ends of these specimens.
3.1.2 Tensile Testing of Specimens
Before beginning the actual mechanical testing, much attention is given to specimen 
preparation, using the recommendations of Carlsson and Pipes (1987) and Tuttle 
and Brinson (1984), in addition to the experimental data items sought as a guide. 
Quantitative information (stress and strain) is sought for use in the damage evolution 
model. Therefore, foil-resistance strain gages are used in obtaining the necessary 
strain data. Each of the dogbone type specimens has strain gages mounted on both
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Figure 3.8: Initial Crack Specimen
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faces, directly opposite one another. (Figure 3.9). This is done to determine if
0.40"
0.31"
0.31
Figure 3.9: Strain gage layout for dogbone shaped specimens
eccentric loading occurs during the test, or, if the specimen contains any prestress 
as a result of geometrical distortion, so that adjustments can be made to the raw 
data for these effects. TVansverse and longitudinal gages are mounted on each face 
to monitor transverse and longitudinal strains.
Both transverse and longitudinal strains are measured on the initial crack spec­
imen also; however, because of the complex strain field, the qualitative results of 
Post et al. (1987) are used in determining placement. Results of their investigation 
produced a  qualitative distribution of the strain field as obtained through moire in- 
terferometry. FVom this information, it was determined that a total of 100 gages
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between the two faces would be sufficient to capture the strains in the area of inter­
est. Strain gage layout for this type of specimen is shown in Figure 3.10. Each of 
the gage strips in Figure 3.10 contains 5 pairs of transverse and longitudinal gages, 
for a  total of 10 gages per strip.
■0.25 1
■0.05"
0.16”
Figure 3.10: Strain gage layout for initial crack specimens
All mechanical testing is done utilizing a computer controlled testing machine 
with hydraulic grips. Specimens are loaded at a crosshead rate of 0.167 in /hr  to 
allow enough time to collect sufficient data during the test. D ata is sampled contin­
uously with all aspects of the test being controlled by a  personal computer and data 
acquisition system (Figure 3.11) once started. A flowchart depicting the test control 
and data acquisition as well as the source for program COMPOS 1 (COMPOSitel) is 
contained in Appendix C .l. Calibration factors are obtained for all specimen strain 
gages before testing and used later during data reduction. An extensiometer was also 
attached to the specimen during testing with results being plotted on an oscilloscope 
for immediate feedback. Results from the extensiometer matched within ±3% the 
longitudinal results of the strain gages.
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Figure 3.11: D ata Acquisition System
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As a means of checking the prestress level resulting from manufacturing dis­
tortions, strain readings are taken during the process of gripping each end of the 
specimen in the testing machine. Strains obtained during this process from all spec­
imens are considered negligible, with strain on the order of 120/iC for the dogbone 
type specimens and strain on the order of 250/ie for the initial crack type specimens. 
Thus as mentioned previously, the effects of the warpage induced prestress are small 
and will be neglected.
Only one test specimen of eacli orientation of the dogbone type is loaded to 
rupture. The remaining five specimens are loaded a t 90, 85, 80, 75 and 70% of 
rupture load. These five load levels are used to measure the evolution of damage in 
the specimens through the progression of loading. Quantification of damage for each 
load level is obtained by sectioning each specimen and measuring damage features 
on a representative cross section of the specimen. The actual process is explained 
fully in a subsequent section of this work. Longitudinal load-%strain curves for 
selected dogbone shaped specimens of orientations (0/90)s and (±45)g are shown 
in Figures 3.12 and 3.13, respectively. Similar curves for the transverse strain are 
shown in Figures 3.14 and 3.15. Additional curves are contained in Appendix B.l 
in Figures B .l through B.4. Niobium is added to the matrix to improve overall 
composite ductility (Brindley, 1987; MacKay et al., 1991); however, it appears that 
ductility is also a  function of fiber orientation for constant material properties. For 
example, the (0/90)5 specimens have a maximum total longitudinal strain less than 
the (± 4 5 ) 5  specimens. A possible explanation for this observation is that there is 
an increased amount of mechanical interaction between the semi-ductile matrix and 
brittle fibers as the fiber orientation increases with respect to the loading direction. 
It is expected that there will be more physical damage in the matrix for the (±45)s
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Figure 3.12: Longitudinal load-%strain curves for selected (0/90)5 specimens
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Figure 3.13: Longitudinal load-%strain curves for selected (±45)s specimens
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Figure 3.14: TVansverse load-%strain curves for selected (0/90)5 specimens
Load vs Transverse % Strain 
Specimens SBS0L1, S560L3, S550L3, S860U
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Figure 3.15: Transverse load-%strain curves for selected (±45)5 specimens
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specimens than in the (0/90)5 specimens. For each of the specimen layups shown, 
there is a  slight variability in the response curve for different specimens with the same 
layup. It is proposed tha t this variability is due to the variable nature of composite 
materials and not a result of the damage evolution. Although damage initiation may 
be different the net effect for all specimens will be the same.
For the initial crack type specimens, one of each orientation was loaded until the 
initiation of a  crack at the initial crack tip. An optical telescope was used to aid 
in determining this initial crack. The remaining two specimens of each orientation 
were loaded to  80% and 90% of this load. Selected longitudinal and transverse 
load-%strain curves for this type specimen are shown in Figures 3.16 through 3.19. 
Channel numbers in each of the figures represent strain readings taken an equal 
distance to the left (subfigure (a)) and right (subfigure (b)) of the initial crack. 
These specimen curves displayed the same behavior as the dogbone type specimens. 
Additional curves are provided in Figures B.5 through B.8. The longitudinal %strain 
distribution for various levels of the initial crack load are given in Appendix B.2 
Figures B.9 and B.IO for the (0/90)s and (±45)s layups respectively.
3.2 Analysis of Damaged Specimens
Following mechanical testing, all specimens were sectioned into small samples for 
further investigation using image analysis. The purpose of the image analysis is to 
identify and quantify all damage features that may exist on the cross section of the 
sample. Results of information collected is then compiled for characterization of 
damage. Details of the complete procedure and results are given in the following 
sections.
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Figure 3.16: Longitudinal load-%strain curves for selected (0/90)5 initial crack spec­
imen ; (a) Channel 13 (b) Channel 17
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Figure 3.17: Longitudinal load-%strain curves for selected (±45)s initial crack spec­
imen : (a) Channel 16 (b) Channel 18
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Figure 3.18: Transverse stress-strain curves for selected (0/90)5 initial crack specimen 
: (a) Channel 14 (b) Channel 16
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Figure 3.19: TYansverse stress-strain curves for selected (±45)5 initial crack specimen 
: (a) Channel 17 (b) Channel 19
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3.2.1 Image Analysis
An SEM analysis is done on a representative cross section of all specimens in order 
to  obtain a  qualitative evaluation of damage in the specimens, as well as providing 
a  means for measuring visible damage features later. The SEM analysis was per­
formed using a CAMBRIDGE model S-260 microscope. Longitudinal and transverse 
sections are taken from all samples in the vicinity of the strain gages. The transverse 
cross-section investigated is at the midpoint of the specimen gage length, and the 
longitudinal sections are taken normal to this section. Information within two fiber 
diameters of the specimen edge on transverse sections is disregarded to eliminate any 
possible free edge effects in the analysis. This is not done for the longitudinal cross 
sections since they are carefully taken from the middle of the specimen. All section 
surfaces are prepared by making the section cut with a  low speed diamond saw, 
followed by grinding and polishing of the cut surface. The low speed diamond saw 
ehminates the possibihty of introducing damage on the cross section during section­
ing. In addition, the grinding and polishing further eliminates any surface defects 
tha t can be introduced by the cutting operation. In short this procedure ensures to a 
high degree that defects observed during the SEM analysis reflect damage as a result 
of the loading. Although, the cross section could contain radial cracks as a result of 
the fabrication cool down process, it is assumed tha t a well controlled manufacturing 
process was used such that the number of these cracks are low and can be neglected. 
Therefore, all cracks measured will be attributed to loading.
The scanning electron microscope is used to scan the entire cross-sectional area 
of the longitudinal and transverse sections at low magnification (< lOOOAT). Pho­
tographs are taken on an area of the cross section tha t is 1% of the total area and 
contains an average representation of damage features for the complete cross-section.
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This area is defined as the representative cross-section with three mutually perpen­
dicular areas of this type defining the RVE that is later used to quantify damage 
evolution. Images are also investigated on the fracture surface of specimens loaded 
to  rupture only as a  means of qualitatively investigating the final deformation and 
failure mode (see Figures 3.20 and 3.21). Results of this investigation showed fiber
Figure 3.20: SEM photograph of fracture surface for (0/90)5 specimen
pull out, with debonding occurring between the matrix and reaction zone surround­
ing the fiber (note the smooth surfaces remaining after fiber pull out in Figures 3.20 
and 3.21). This implies th a t there is good fiber-matrix bonding. The fibers in the 
fiber mat are held in place with molybdenum wires to improve fiber alignment and 
uniform spacing, during the manufacturing process. Observations of the fracture 
surface showed a clean break where these wires crossed the surface. Thus these wires 
tend to induce a matrix defect for loads normal to the fiber axis, otherwise, they 
tend to assist the matrix in transferring the load from fiber to fiber. These results
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Figure 3.21: SEM photograph of fracture surface for (±45)s specimen
also agree with the corresponding specimen stress-strain response in tha t informa­
tion observed on the (0/90)s specimen shows very little deformation in the matrix 
and brittle failure of the longitudinal fibers, whereas the (±45)s specimen shows 
a  considerable amount of matrix deformation and a ragged fracture failure of the 
fibers. Deformation information on these surfaces is not quantified as damage, since 
it is due to  processes other than damage evolution and is outside the valid range of 
damage mechanics.
Most of the SEM photos predominantly show damage in the fibers in the form 
of cracks. However, there is some local damage in the matrix in the form of cracks. 
Figures 3.22 and 3.23 show a  sample of the damage features found on all specimens 
investigated. The predominant damage feature is a  linear crack in the fiber and/or 
matrix. This is as expected since the low strains obtained indicate tha t damage 
features such as matrix voids will appear a t a minimum. Since the predominant
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Figure 3.22: SEM photo of (0/90)g specimen a t 80% of failure load showing matrix 
cracking
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Figure 3.23: SEM photo of (±45)g specimen at 90% of failure load showing fiber 
cracking
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damage feature is a  crack, a damage parameter is developed as a  function of crack 
length only. This relationship is discussed in the following section. Specimens with 
(±45)s layups show a  higher occurrence of damage features as a  result of the in­
creased fiber-matrix mechanical interaction than the (0/90)s specimens. Additional 
SEM photographs are given in Appendix B.3.
Quantification of the cracks found were obtained utihzing image analyzing equip­
ment and software. SEM photos were scanned a t a resolution of 600 dots per 
inch (dpi) using an OmniMedic XRS-6c scanner, in an attem pt to yield a tag image 
file format (TIFF) image very close to the original photo. The scanned image was 
then analyzed with image analyzing software. Attempts were made to automate the 
process of measuring cracks on the image; however, available software was not suc­
cessful in differentiating between defined damage features and noise features on the 
image. Therefore, a semi-automatic technique is used to measure crack lengths in 
that the cracks are digitized by hand before being processed with the Intergraph ISI- 
2 image analyzing software. This software automatically computed the crack lengths 
with respect to the photo scale during digitization. Measured crack lengths were 
saved in a database for later processing with the damage characterization theory.
Samples were also taken from the initial crack type specimens. In an effort to 
preserve the information just beyond the crack tip, the electro-discharge method, 
(EDM) was used to section the test specimens. However, it was found that the EDM 
surface was contaminated with numerous micro-cracks resulting from the process, 
obliterating any damage features. Therefore, physical damage information could not 
be collected for this type specimen.
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3.2.2 Damage Characterization
The damage model developed by Voyiadjis and Kattan (1993c) defines a second order 
tensorial damage parameter, 0 , whose eigenvalues are given as ÿ,, {i = x ,y ,z  no sum in i). 
Difficulty arises in being able to determine this damage tensor. As an initial approx­
imation, the overall continuum relationship of Voyiadjis and Kattan (1993a) reduced 
to  the case of plane stress uniaxial tension with unidirectional fibers
%  =  (3.2.1a)
Ê ^  =  E ^ , ( 1 - W  (3.2.1b)
is used to investigate the dogbone shaped specimens. In this expression {i =
X ,  y  no sum in i) represents the current effective tangent modulus in the zth direction 
and Eli {i =  x, y no sum in i) represents the initial tangent modulus or the elastic 
modulus in the ith  direction. Using the experimentally obtained stress-strain curves, 
the tangent modulus is obtained by numerical differentiation based on cubic spline 
interpolation. Tangent moduli curves with (0/90)5 and (±45)s layups for selected 
specimens are shown in Figures 3.24 and 3.26 respectively. Damage parameter <f>xx 
is evaluated using equation (3.2.1a) from the results of the tangent moduli curves 
and are shown in Figures 3.25 and 3.27. These curves behave as they should, in that 
the tangent moduli curves are an inverse mirror of the corresponding stress-strain 
curve, as a  result of the inverse relationship between the two. The damage curves are 
also similar in shape and form to the stress-strain curves. Additionally, comparison 
of the magnitude of the damage parameter <j>xx in Figures 3.25 and 3.27 shows that 
the amount of damage on the (±45)s specimens is greater than that on the (0/90)5 
specimens. This observation is verified qualitatively and quantitatively from the 
SEM analysis of representative cross-sections of each of the specimen layups.
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Figure 3.24: Tangent Modulus, E^j. curves for selected (0/90)5 specimens
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Figure 3.25: Damage parameter, <pxx curves for selected (0/90)5 specimens
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Figure 3.26; Tangent Modulus, E^ .^ . curves for selected (±45)s specimens
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Figure 3.27: Damage parameter, (p^ x curves for selected (±45)s specimens
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Although this approximation to obtain the damage parameter 0xx is consistent 
and has magnitudes within the accepted range 0 < (j)xx < 1. further use in the 
theoretical development is not warranted since this expression is only valid for a  pure 
elastic response. It is proposed to handle an elasto-plastic response (Voyiadjis et al., 
1993b, 1993a)by defining the damage tensor, 4>, as a function of crack density, p. 
For a unidirectional laminate with uniaxial loading in the fiber direction the damage 
tensor becomes,
PxPx 0 0
[</>] =  0 P y p y  0 (3.2.2)
0 0 PxPz
where the vector quantity pi (i = x, y, z) is the normalized crack density on a cross- 
section whose normal is along the i-axis. Damage is experimentally characterized 
by sectioning the uniaxial specimens perpendicular to the direction of loading and 
two additional planes mutually perpendicular to the loading direction. Rrom the 
SEM photos the crack densities are obtained on an RVE. In the first quantification 
of damage (overall type) no distinction is made between the cracks in the matrix 
and fibers. The quantification of damage on the RVE for each of the representative 
cross-sections is defined by
Pi
m p*
n
(3.2.3a)
(3.2.3b)
where, U is the total length of cracks on the ith  cross-section, Ai is the ith cross- 
sectional area, m  is a normalization factor chosen so that the values of the damage 
variable 0  fall within the acceptable range 0 < < 1, and p* =  p\^^^ +  +
Pzmax' ThG expression for p* is selected such that it will yield a non-dimensional
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average value for the pi. The {i = x ,y ,z )  is the maximum crack density 
value measured of all load levels within the valid range of damage mechanics for the 
respective representative cross-sectional area. In the case of uniaxial tension, this 
maximum value corresponds to the crack density measured at the maximum valid 
load level, before macro-cracks initiate.
In the general case for off-axis laminates, the damage tensor takes the general 
form.
p x p x P xP y PxPz
M  = P yP x p y p y P yP z (3.2.4)
P zP x P zP y P zP z
The off diagonal terms constitute damage introduced by loads tha t are not parallel 
to the fiber direction and implies tha t the damage is due to the interaction of cracks 
on the three mutually perpendicular planes of the RVE. It also implies that shearing 
stresses impose this interactive damage.
3.2.2.1 O verall quan tifica tion  o f d am ag e
For the overall quantification of damage the pi {i =  x, y, z) represents the total crack 
density on the respective cross-sectional face of the RVE. In the current investigation, 
p  values are evaluated on specimens loaded to  the five load levels below the rupture 
load. Crack densities are not measured for specimens loaded to rupture, since this 
load level produces damage features which are beyond the valid range of damage 
mechanics. Densities on the z-section are not measured and assumed to be one 
half the magnitude of those on the respective ^-section. Measuring densities on the 
2 —section will involve a tremendous amount of SEM time and resources which is 
beyond the scope of this work. This assumption is made for convenience and in
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future damage investigations the 2 —plane damage should be measured. Measured 
values of the crack densities for each of the layups are tabulated tables 3.4 and 3.5.
Table 3.4: Overall Crack densities for (0/90)5 laminate
%Load %Strain px X 10“^ Py X 10-^
in/iri^
70 .3182 1062.23 86.61
75 .4487 1786.13 924.56
80 .4611 2559.56 —
85 .5202 2698.50 1433.32
90 .5808 3217.67 1720.09
Table 3.5: Overall Crack densities for (±45)s laminate
%Load %Strain px X 10-'*
inliv?
Py X 10-'*
in jir?
70 .2414 1250.44 —
75 .2779 1252.73 1077.98
80 .4324 1316.74 2572.77
85 .5268 1345.95 2972.05
90 .5729 1439.42 3723.39
These values are the crack density values obtained directly from the image analysis 
process without any normalization.
Computed values for <})xx and based on measured crack densities using an 
overall quantification are given in Tables 3.6 and 3.7 for each of the laminate layups. 
Using the relationship in equation (3.2.4), damage parameter curves for <t>xx with
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Table 3.6: Computed Damage Parameters for (0/90)5 laminate
%Load %Strain <f>xx 4>w
70 .3182 .080299 5.3389E -  4
75 .4487 .227040 .060836
80 .4611 .466240 —
85 .5202 .518230 .146210
90 .5808 .736820 .210560
Table 3.7: Computed Damage Parameters for (±45)s laminate
%Load %Strain <i>xx
70 .2414 .080588 ---
75 .2779 .080883 .059888
80 .4324 .089359 .341140
85 .5268 .093367 .455250
90 .5729 .106790 .714520
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(0/90)s and (±45)5 layups aie developed and shown in Figures 3.28 and 3.29 respec­
tively and those for <f>yy are shown in Figures 3.30 and 3.31 for (0/90)5 and (±45)5 
layups, respectively. Each of the curves shown are second order polynomial fits of
I
ao
D a m a g e  P aram eter, v s  Strain  
S p e c im e n  w ith (0 /9 0 ),la y u p
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% S tr a in , e .
0 .6 0
Figure 3.28: Experimentally measured damage parameter, <j>xx for (0/90)5 laminate
the measured data points with the normalization factor m  =  1.
As shown in equation (3.2.4) the damage tensor, (f>, is fully populated for anything 
other than unidirectional laminates loaded in the fiber direction, as is the case for 
the specimens used dinring this investigation. Although damage parameter curves 
are not shown for the off diagonal damage parameters, they were computed for each
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Figure 3.29: Experimentally measured damage parameter, ^xi for (±45)5 lamina' e
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Figure 3.30: Experimentally measured damage parameter, (f)yy for (0/90)s laminate
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Figure 3.31: Experimentally measured damage parameter, <f>yy for (±45)s laminate
laminate layup at 90% of the rupture load and given as
[0] =
[0] =
.73682 .39388 .19694
.21056 .10528 
S  .052638
.10679 .27622 .13811
.71452 .35725 
S  .17862
90%
(3.2.5a)
(0/90)s
90%
(3.2.5b)
(±45)s
Careful examination of the curve fits in Figures 3.28 to 3.31 show that the curves 
are consistent and well formed as compared to the theoretically generated curves 
of Voyiadjis and K attan (1993a) for the case of a  uniaxially loaded unidirectional 
lamina. With five data points the curve fits have an acceptable range of error; 
however, a  much tighter fit could be obtained with more data points. The fit for
R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
78
the (± 4 5 ) 5  layup is œnsiderably better than that of the (0/90)s layup as a result 
of the increased amount of damage information that is offered for specimens with 
this layup. Further examination of these curve fits for a particular <f>ij shows that 
they have very similar shapes and magnitudes. This supports the proposition made 
previously that damage evolution is independent of laminate layup and orientation. 
Additionally, as indicated by the damage tensors shown in equations (3.2.5a) and 
(3.2.5b) for loads not in the direction of the fiber the off diagonal damage parameters 
are of a magnitude that cannot be neglected. Also it is found that the selection for the 
average crack density, p* has an effect on the magnitude of the damage parameters. 
For example, using p* =  ( v ' p ^  +  y / p ^  + , the damage parameters
shown in equations (3.2.5a) and (3.2.5b) become.
3.9149 2.0928 1.0464
90%
[4>] = 1.1187 .55936 X 10"^ (3.2.6a)
.50804
S
1.3141
.27968
.65708
(0/90)s
90%
[<l>] = 3.3992
S
1.6997
.84984
X 10-^ (3.2.6b)
(±45)s
Comparing equations (3.2.5a) & (3.2.6a) and (3.2.5b) & (3.2.6b), a sizable difference 
is noted in the magnitude of the damage parameters. However, this difference can 
be nulhfied by redefining the normalization factor m to include this effect.
3.2.2.2 Local quantification of damage
For the local quantification, damage is characterized the same as for the overall 
quantification, with the exception that damage is separated into matrix damage and
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fiber damage. Fiber damage is confined to cracks within the fiber, £is shown in 
Figure 3.32. Damage as a  result of fiber-matrix debonding is classified as part of
fiber-matrix debonding
cracks »
m atrix cracks
radial crack in matrix
matrix
Figure 3.32: Identification of damage features for local damage quantification
the matrix damage. Matrix damage is divided into three distinct types; radial cracks 
(cracks emanating from the reaction zone into the matrix), matrix cracks(within ma­
trix only) and fiber-matrix debonding (cf. Figure 3.32). The total damage parameter 
for the matrix is therefore defined as,
^  =  w i C  +  i h j  =  1,2,3) (3.2.7a)
and.
l= W i+ W 2  + W3 (3.2.7b)
where, is the damage parameter resulting from radial cracks in the matrix, 
is the damage parameter resulting from regular cracks in the matrix and
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is the damage parameter due to fiber-matrix debonding. The Wi {i =  1,2,3) terms 
represent corresponding scalar weight functions that are determined through homog­
enization techniques.
Using the same technique as for the overall quantification of damage, crack den­
sities were computed for the composite constituents. These results are tabulated in 
Tables 3.8 and 3.9 for the (0/90)5 and (±45)5 layups respectively. As observed in
Table 3.8: Local Crack densities for (0/90)5 laminate
%Load %Strain X 10-"
in /iv?
pL x i o - "
in /in^
p ;' X 10-"
in /iv?
Pi x lO -"
in lir?
70 .3182 0.00 1062.23 0.00 86.61
75 .4487 0.00 1786.13 0.00 924.56
80 .4611 0.00 2559.56 — —
85 .5202 0.00 2698.50 0.00 1433.32
90 .5808 0.00 3217.67 19.56 1700.28
Table 3.9: Local Crack densities for (±45)5 laminate
%Load %Strain X 10-" 
in/in'^
p i X 10-"
in lir?
p'^  X 10-" 
in jir?
p / x lO -" 
inUr?
70 .2414 0.00 1250.44 — —
75 .2779 0.00 1252.73 0.00 1077.98
80 .4324 0.00 1316.74 0.00 2572.77
85 .5268 0.00 1345.95 0.00 2972.05
90 .5729 0.00 1439.42 1244.09 2479.29
Tables 3.8 and 3.9 the measurable damage in the matrix is practically non-existent.
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which shows the dominant behavior of the fibers. Due to lack of information further 
processing to obtain the local damage parameters is not performed. However, the 
information obtained agrees with the stress-strain response. The response for the 
(0 / 9 0 ) 5  layup is that for a specimen with high stiffiiess and low ductility, which im­
plies that almost all of the load interaction with the laminate will be with the stiffer 
material. Whereas the response for the (± 4 5 ) 5  is tha t of a specimen with initial high 
stiffiiess and low ductihty followed by a transition into a  well defined ductile plastic 
region.
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Numerical M odeling
The damage model presented in Chapter 2 is utilized here to numerically sim­
ulate the experimental results. The numerical model used is specifically designed 
to  analyze the dogbone shaped specimens through damage constitutive equations 
for uniaxial tension. This model is similar to an overall analysis in that average 
quantities are used in the formulation.
4.1 Uniaxial Tension M odeling
In formulating the uniaxial tension relations only constitutive relations from the 
overall path to damage are used. Although it is very straight forward to extend the 
following formulation to include the local path to damage. Basic composite lamina­
tion theory (Jones, 1975) is used in developing the lamina and laminate equations 
for a  plane stress case.
4.1.1 Laminate analysis
Before developing the specific equations for the laminate layups used in this work, a 
general laminate analysis for the case of plane stress is presented. Consider a  com­
posite laminate with differential element as shown in Figure 4.1 subjected to uniaxial 
tension in the z-direction. For this plane stress case of loading, the incremental force 
resultant components are; A N y = ANxy = 0 and AA/j which is determined from 
the applied load. Using the basic lamination theory, the incremental laminate strain
82
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h /n
AN ,
X ( k )
ma
Acr,V (*)
Figure 4.1: Composite Laminate Differential Element 
vector becomes,
A f x S n  S i 3 A N x
A e y S i 2 S22 <523 i A N y
ACxy 5 i 3 523 S33 A N x y
where,
[SI =  [A]-:
"  fc=i
(4.1.1a)
(4.1.1b)
(4.1.1c)
and are the components of the stiffiiess of the lamina as a function of 
the fiber orientation, 0(*), and the elastic stiffness components. Fiber orientation, 
0(jfc), represents the angle between the material and structural coordinate systems 
as shown in Figure 4.2 and is used in the computation of Qi^^y In Figure 4.2,
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Figure 4.2: Composite Lamina Coordinate Systems
the structural coordinate system is represented hy x, y  and the material coordinate 
system is represented by 1,2. These labels are customarily used as subscripts when 
describing components in their respective coordinate system. Additionally, the elastic 
stifibiess components for the lamina are developed as given in section 4.1.2. Given 
that the x — component is the only non-zero incremental force resultant, equation 
(4.1.1a) can be simplified and rewritten as.
S n
ACy . =  . Si2 (4.1.2)
ACjjy Sl3
4.1.1.1 Laminate Layup (0/90)5
For this laminate layup, the stacking sequence is as shown in Figure 4.3. Substituting 
the 0(fc) i.e. {9^ 1) =  0(3) =  0° ; 9^ 2) =  9(4) =  90°) for this layup into the appropriate
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0 0 0 ° 0 0
90°
90°
0 0 0 ° 0 0
Figure 4.3: Stacking Sequence (0/90)s Laminate
in equation (4.1.1c) yields the specific expression for the incremental strain 
vector given as,
Aex
2 /iAN^
Ae„ '■  |A| ‘
ACiy
2 D î î ( D i i + D 2 i ) - ( D i 3 - D 3 3 } ^  
—4Z?ijD33—(Di3—Djs)* 
D33-Di3
(4.1.3a)
where |A | is the determinant of the matrix [A] and is given by,
|A| =2h{D\i + D 22 — 2Z?i2)[i?33(L)ii +  D 22 +  2 D 1 2 )
-  { C .3  -  (4.1.3b)
The Dij terms in equation (4.1.3) are the components of the matrix representation 
of the elastoplastic stiffness tensor D  given by equation (2.2.28b).
4.1 .1 .2  L am inate  L ayup (±45)g
The stacking sequence shown in Figure 4.4 is used for this laminate layup, with the 
0(k) given as ^(i) =  ^(3 ) =  45° ; 0 (2) =  0 (4 ) =  -45°. Following substitution of the
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0 0  +45“ 0 0
0 0 -4 5 “ 0 0
0 0 -4 5 “ 0 0
0 0  +45“ 0 0
Figure 4.4: Stacking Sequence (±45)s Laminate 
0(k) into equation (4.1.1c), the incremental strain vector becomes,
( D i  i + / ) 2 2 + 2 D i 2 ) ( D i i  + D 22+ 2D 12+ 4 D 33) — 4 ( Z ) j 3 — D m ) *
—(D 1 1 + D 2 2 —2 D i2 ) ( 0 1 1 + D 2 2 + 2 D i2 + 4 D 3 3 ) + 4 ( D i 3 —D 2 3 )*  
4 ( D i 3 — D 2 3 ) ( D i 1 + D 2 2 + 2 D i 2 )
where,
|A | =4h(Dii +  D22 +  2Di2)[^33(^ii +  ^ 2 2  — 2D12)
— (-Di3 — Ü23Ÿ]
4.1.2 Evaluation of Lamina Elastic Stiffness
Aei
hAN^
Acj,
|A | '
ASiy (4.1.4a)
(4.1.4b)
This section contains the expressions needed to evaluate the components of the lam­
ina elastic stiffness based on the elastic properties of the fiber and matrix. A me­
chanics of materials approach with the inclusion of stress and strain concentration 
factors is used in deriving the expressions. In the formulation, it is assumed that 
there exists a perfect bond between the fiber and m atrix and the lamina behaves as 
a  transversely isotropic material. Expressions for each of the 2-dimensional compo­
nents of the lamina elastic stiffness are provided in the following sections.
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m
m
Figure 4.5: Evaluating Ei
4.1.2.1 D e te r m in a tio n  o f  E \ ( la m in a  lo n g itu d in a l m o d u lu s)
Consider the following specimen shown in Figure 4.5 in simple tension. Rrom me­
chanics of materials the following relationships are known,
cr{ — E ( € {
(Tl =  EiCi
(4.1.5a)
(4.1.5b)
(4.1.5c)
also,
(4.1.5d)
or.
(Ti =  ( /a (  + (4.1.5e)
where the volume fractions are given as.
(4.1.5f)
and A  represents cross sectional area. Substituting expressions for the stress in 
equations (4.1.5a)-(4.1.5c) into equation (4.1.5e) results in the following.
E]6i =  cfE{e{ +  c”*£;r*c7* (4.1.6)
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Using the concept of concentration factors to  relate constituent strains to overall 
strain,
{«}* =  [A]’ < € > , i = m , f  (4.1.7)
where the [A]‘ is the matrix representation of the fourth order strain concentration 
factors for the constituent, the strain in the fiber and matrix can be written as,
e{ =  A(]Ci +  Ai2 € 2  +  ^ { 3 6 3  (4.1.8a)
"b .^1 2 ^ 2  +  (4.1.8b)
However, the following equations are also given,
6 2  =  —1/1 2 ^ 1  i ( 3  ~  (4.1.9)
Substituting equations (4.1.9) into equations (4.1.8) and collecting terms results in 
the following set of equations,
e{ = A{ei (4.1.10a)
=  (4.1.10b)
where,
A{ =  All “  ~  ^isAia (4.1.10c)
A ^ =  A ^ — i/i2 A ^  — j/isA^ (4.1.10d)
For transversely isotropic materials, 1 /1 2  =  1/1 3 ; therefore, equations (4.1.10c) and 
(4.1.10d) can be written as,
A {  =  A{i — Ui2{Ai2 +  A1 3 ) (4.1.11a)
Ai* =  AJ’Î — i/i2 (A ^ +  A ^) (4.1.11b)
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Figure 4.6; Evaluating
Finally, from equations (4.1.6), (4.1.10a) and (4.1.10b) the longitudinal elastic stiff­
ness component can be expressed as,
El =  cfE {A {  +  c'^E'l^A'^ (4.1.12)
where the A\ are as given in equations (4.1.11).
4.1.2.2 Determination of E2 (lamina transverse modulus)
Consider the specimen shown in Figure 4.6 in simple tension, then the strain com­
ponents in the <iirection of load are
J
J  - £ 2 .
rm
2^ -  Tv , «=2
2 ^2
Given that the deformation is ad<iitive over the width,
W =  W / +  W " ; AW  =  A W / -f- AW '"
or.
W A  = W U + W ”^ A
= W f ( A ^  + .4*") + W "'(A ^  + .4'") 
=  A^{W ^  +  W ") + A '^ iW f + W ")
(4.1.13)
(4.1.14a)
(4.1.14b)
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where A  =  A^ + A ^  and A* represents the respective cross sectional areas. Dividing 
both sides of equation (4.1.14b) by A  yields,
W  = ( /W  + ( r W  (4.1.15a)
where the volume fractions c* are given as,
c/ =  ^  ; =  ^  (4.1.15b)
Also the changes in width can be expressed in terms of strain as follows,
AW  =  eiW  , AW^ = , A W ^  =
or A W / =  e ic /W  , A W ^  =  e^c^W
(4.1.16)
Then from mechanics of materials, the following set of equations can be written
caW =  e i( /W  +  €^c”^ W (4.1.17a)
and using the relationship for stress concentration factors (i.e. {<r}' =  [B]’ < <r > ’ 
; i = m , / ,  where [B]’ are the stress concentration factors) such that
= B(<T2 ; = B^(T2 (4.1.18)
the following expression for the lamina transverse stiffriess component is obtained 
after simplification,
( • «
Equation (4.1.19) is also equivalent to the stiffness component,
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Figure 4.7: Evaluating vn
4.1.2.3 Determination of v\ 2  (lamina major Poisson’s ratio)
Consider the specimen in Figure 4.7 in simple tension. As defined in the previous 
presentation for E 2 ,
AW  = A W / +  AW ”* 
e2W =  e^£/W +  €^c”*W
However, in general ej =  —1 / 1 2 6 2  or in terms of constituents,
6 2  =  - 1/(2 ^!^/ -  
- 1 / 1 2 6 1  =  - i / i 2 «ic/ -  i/I^6^c”*
(4.1.20a)
(4.1.20b)
(4.1.21a)
(4.1.21b)
and using the strain concentration relation given in Section 4.1.2.1
—1 / 1 2 6 1  =  — i/^c/ j4{ei — i/j2c”*A^6i
— ( ^ 1 1  ■“  +  -^1 3 ))^! — '^■12^ "'
~  +  A^))6i
=  +  A Ü  +  i^ c " ( .4 5  +  (^ '1 '^ )
Finally, an expression for the lamina major Poisson’s ratio is obtained as.
^  i//2c/A (i +  i/[^c”*Ay»i_________
1 +  1^2c/(/^12 +  -^1 3 ) "b 1/i2C”*(/4i2 +
(4.1.23)
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Figure 4.8: Evaluating G1 2
Equation (4.1.23) is also equivalent to  the Poisson’s ration 1/1 3 . Also A\ can be 
expressed in terms of the fiber and m atrix properties as,
 +  •^13)
'  ”  1 +  +  Afa) +  +  A%)
-
(4.1.24a)
(4.1.24b)
4.1.2.4 Determination of G12 (lamina in-plane shear modulus)
Consider the specimen shown in Figure 4.8 in simple shear. Given that the total 
shear deformation is
A =  7 1 2 W (4.1.25)
and tha t shear deformations are additive, i.e.
A =  A ' +  A" (4.1.26)
then, similar to the strain expression given in Section 4.1.2.2,
7 1 2 W =  +  7 Î^c’"lV (4.1.27a)
or,
712 =  7 i V  +  7 i 2c” (4.1.27b)
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Using the following constitutive relations
together with the stress concentration relations for shear stress,
Ti2 =  B i2T\2 ) T’i2 ~  B ^ T \2 (4.1.29)
the lamina in-plane shear modulus, G 1 2  is obtained as,
which is also equivalent to A similar derivation holds for the shear modulus, 
G23 which is given as,
which can be used with equation (4.1.19) to obtain the Poisson’s ratio 1/23 as
=  (4.1.32)
4.2 Evaluation of Damage Parameters
Stress-strain and damage parameter curves are created using the expressions given 
in equations (4.1.3a) and (4.1.4a) for the two layups investigated. These equations 
are coded into the program STRSEPAD (Stress Elasto-Plastic Analysis with Damage) 
provided in Section C.2. Figure C.2 contains the program flowchart which shows that 
the implementation used a stressed controlled loading procedure. Loading consisted 
of equal sub increments of load beginning with zero to the experimentally obtained 
rupture load for the corresponding laminate layup. At each load increment, equa­
tions (4.1.3a) and (4.1.4a) were solved to obtain laminate strains and components
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of the damage tensor, <f>, for the (0/90)s and (±45)s layups respectively. Results of 
this analysis are plotted in Figures 4.9 through 4.16, in addition to corresponding 
experimentally measured data where available.
The experimental stress-strain curve in Figures 4.9 and 4.10 represent the average 
stress obtained by dividing the load in Figures 3.12 and 3.13 respectively with the 
cross sectional area. As indicated in these figures the comparison between exper-
Stress vs Strain 
Specimen with (0/90),layup
60.00 —
40.00 —
Legend
Theoretical
Experimental20.00  —
0.00
0.00 0.20 0.40 0.60 0.60
% Strain,
Figure 4.9: Numerically evaluated longitudinal stress-%strain curve for (0/90)5 spec­
imen
imental and numerical results is reasonable for the (0/90)5 layup, but not for the 
(± 4 5 ) 5  layup. Various modifications to the numerical implementation of the theo­
retical model were attem pted to  correct the discrepancies for the (± 4 5 ) 5  specimen, 
without any success. However, it was observed that the problem appears to arise 
from the evaluation of the elastic stiffiiess for the laminate and its incorporation 
into the theoretical model. The refinement process revealed that the fiber stiffness
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I
S t r e s s  v s  Strain 
S p e c i m e n s  with (45M5)Jayup
60.00
40.00
Legend
- Theoretical 
Experimental
20.00
0.00
0.00 0.40 0.60 1.20
% Strain. e_
Figure 4.10: Numerically evaluated longitudinal stress-%strain curve for (±45)5 spec­
imen
controls the overall laminate stif&iess, which seems to indicate that the current the­
oretical model will yield excellent results under such conditions, as in the case of the 
(0 / 9 0 ) 5  layup. Rirther investigations need to be performed to produce conclusive 
results.
Figures 4.11 and 4.12 contain numerical and experimental curves of the damage 
parameter (j>n for the (0/90)5 and (± 4 5 ) 5  layups respectively. The experimental 
curve in Figure 4.11 is the same as that in Figure 3.28 with the normalization factor, 
m, in equation (3.2.3a) set to 30. For the (± 4 5 ) 5  specimen the experimental results of 
Figure 3.29 are normalized with the factor m =  35. Comparison of the experimental 
and numerical results for the damage parameter (f>u versus %strain parallels that of 
the corresponding specimen layup stress-%strain curves, in that the results appear 
reasonable for the (0/90)5 layup but not for the (± 4 5 ) 5  layup. This is as expected 
since the numerically evaluated <j>u values are a derivative product of the numerically
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Damage Parameter, vs Strain 
Specimen with (0/00),iayup
Theoretical
Exp ♦ r f________  '"H»__*wi»
I
&
IE-8 —
O
normalization factor. m=30
0.00 0.20 0.40 0.60
% Strain, e
Figure 4.11: Numerically evaluated <^n-%strain curve for (0/90)s specimen
I
8.
6E-9 — I
4E-9 —
2E-9 —
0.00
Damage Parameter, e,, vs Strain 
Specimen with (45/-45),layup
Legend
Theoretical
  ^
normalization tactor, m=35
 ' 1—
0.20 0.40
% Strain, e.
o.eo
Figure 4.12: Numerically evaluated <^ii-%strain curve for (±45)s specimen
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computed strains. Similar curves for the damage parameter <f>22 is provided in Figures 
4.13 and 4.14. for the (0/90)s and (±45)5 layups respectively. Experimentally
Damage Parameter, ^  vs Strain 
Specimen with (0/90)Jayup
1.6E-8
----------  Theoretic*!
- - '  E"
I
S.
normaUuflon factor. rrv*30
4E-0 —
0.20 0.40% strain, e. 0.60
Figure 4.13: Numerically evaluated 022-%strain curve for (0/90)5 specimen
evaluated values of ^ 2 2  in Figures 3.30 and 3.31 are normalized by the same factor as 
used in computing the corresponding values. Additional curves are also provided 
for the damage parameter <i>\2 in Figures 4.15 and 4.16. Experimental results were 
not evaluated for this parameter; however, it is expected tha t the comparative results 
between the numerical and experimental values will parallel those of the previously 
provided damage parameters. These curves are mainly provided to illustrate that 
the correct shape of off diagonal damage parameters can also be obtained and to 
indicate the relative decrease in magnitude of these values as compared to diagonal 
values.
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Damage Parameter. 4^, vs Strain 
Specimen with (45/-45),layup
-O '2E-9 —
noxmmllzmUon factor. m*35
£«
S’E 1E-9 —
o
Theorettcal
0.00 0.20 0.40 0.60
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Figure 4.14: Numerically evaluated (^ 2 2 -%strain curve for (±45)s specimen
Damage Parameter. vs Strain 
Specimen with (0/9D)Jayup
4E-13 —1
3E-13 —
I  2E-13 -I IE-13 —
0.00 0.20 0.40 o.eo
% Strain, c
Figure 4.15: Numerically evaluated <^ i2 -%strain curve for (0/90)s specimen
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Damage Parameter, <>,, vs Strain 
Specimen with (4S/-4S),iayup
1.2E-13 —,
Theoretlcel
8E-14 —
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I 0 —
0.00 0.05 0.10 0.15 0.20
% Strain,
Figure 4.16: Numerically evaluated ( i^2 -%strain curve for (±45)5 specimen
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Chapter 5 
Conclusion
An e:q)erimental procedure has been outlined by which micro-analysis (SEM) 
can be used in determining the damage tensor, 0 , as defined by the damage model 
developed by Voyiadjis and K attan (1992a, 1992c, 1993a, 1993b). This procedure is 
currently confined to two phase composite systems with one phase elastic and the 
other elastoplastic. Additionally it will support the two paths to damage identified 
by the aforementioned damage model. The results of this work defines a specific form 
for the damage parameter tensor, </>, tha t is related to physical damage properties, 
as indicated by equations (3.2.2) through (3.2.4).
The process of obtaining crack density is done manually at present; however, with 
recent developments in image processing software and tools it can be automated to 
yield more precise results. The degree of precision will depend to a large extent 
on specimen preparation and software application. Damage parameter curves are 
developed from this micro-analysis for two different laminate layups producing a 
graphical representation of the evolution of damage. Comparison of the curves shows 
that damage evolution for each of the different layups is similar and suggests that it 
is independent of laminate layup and orientation. It is also noted that the proposed 
method of evaluating damage yields significant oflr diagonal damage parameters in 
relation to the diagonal parameters for load cases other than loading in the fiber 
direction. This is important in that it provides a means to capture the damage effect 
on all components of an anisotropic constitutive relation.
100
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Comparison between experimental and numerical results were reasonable for the 
(0 / 9 0 ) 5  layup but not the (± 4 5 ) 5  layup. This was true for both the macro and 
micro analysis. During the numerical analysis it was observed tha t this discrepancy 
for the (±45)s layup is possibly attributed to  the evaluation of the elastic stiffness of 
the composite laminate and its implementation into the theoretical model. Results 
showed tha t the laminate stiffiiess was controlled by the fiber stiffiiess regardless of 
fiber orientation. This seems to imply that the currently proposed damage model is 
sufficient for composite systems with fiber deformation being the predominant mode 
of deformation.
In addition, an attem pt was made to obtain a  local quantification of damage based 
on the individual constituents of the composite laminate. The results obtained agree 
with the experimental stress-strain response; however, not enough information is 
available to  quantify damage locally. Since, the material tested is primarily designed 
for high temperature application and the test was conducted a t room temperature, 
the fibers are not allowed to display their ductile behavior. Nonetheless, applying 
the procedures presented, allows for the quantification of damage a t the overall level 
where all damage is lumped into a  single quantity and a t the local level were damage 
is differentiated and separated into the constituent parts.
5.1 Future Work
As indicated in the numerical results further investigation needs to be performed on 
evaluating the composite laminate stiffiiess and its implementation in the proposed 
damage model. Currently the stiffiiess is evaluated using standard composite lami­
nate analysis tha t does not include damage. One suggestion is to  investigate further
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the inclusion of stress and strain concentration factors in evaluating the laminate 
stiffiiess.
Experimental damage parameter curves in this work are generated from less than 
minimal data points. In order to increase the accuracy and level of confidence for the 
curves generated more experimental tests need to be conducted to provide additional 
data points. Additionally, the material used in this work should be tested at an 
apphcation temperature to yield more measurable values for the damage parameter 
at the overall and local level.
Finally a  finite element analysis using the proposed damage model needs to be 
performed for both specimen types so that comparisons between a more precise 
numerical analysis and experimental results can be achieved. The analysis should 
be performed for both damage paths (overall and local) with a comparative study of 
the results of each path and their corresponding experimental results.
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Appendix A 
Additional Support Equations for Damage 
Characterization
This appendix contains a more detailed description and/or derivation of quanti­
ties within the body of this work that are used in the development and application 
of the damage theory by Voyiadjis and Kattan (1993c, 1992a).
A .l General form of the Damage Operator
The tensorial damage operator can be expressed as a  matrix of the form
(A.1.1)[M) =  [I -< t> r
where 0  is the damage tensor given by,
<Aii 4>\2 013
[<t>ij] = 4>n 4>22 023
<^13 023 033
(A.1.2)
Specifically for the undamaged stress tensor written as a vector of the form
Ô-U
=
^22
^33
3^1
2^3
(A.1.3)
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the damage operator M  is explicitly given as
2^ j^33-2^ *3 0 0
0 0 
0 0 Zÿ'nV'zz—2^ 13
^13^ 3+^12^ 33 ^13^ 3+^12^ 33 0
012023+^ 13V’22 0 <)l2^ 23+^ 13V'22
0  ^ 1 2 ^ 1 3 + ^ 3 V 'l l  ^ 1 2 ^ 1 3 + ^ 2 3  V"ll
IA^o1=2V
2^ 13^ 23+2<^12\!>33
2^ 13^ 23+2^ 12^ 33
0
V>22 V>33 + ^ 1 1  ^ 33  -<#23 - ^ 1 3  
1^2<#13+^ 23^ 11 
^12te+^ 13022
2ÿl2^ 23+2ÿl31#22
0
2^ 12^ 23+2^ 131#22 
1^2^ 13+-<#23V'll 
V'22V'33+V'l 1 V <22-^23 "<#12 
1^3^ 23+^ 12V<33
2ÿl2^ 13+2<#23^ 11
2^12<#13+2^23V<11
<#12^23+-<#13V'22
<#13<#23+^12V'33
V'li;('33+^ llV'22-<#i3-<#i2
(A.1.4)
where,
V — V'nV'gZtAsS — <^ 23^ 11 ~  </'l3^ 22 — 012^33 ~  2(^ 12^ 23<^ 13
‘ip i j  —  6 i j  (f>ij
(A.I.5a) 
(A.1.5b)
and 6ij is the Kronecker delta.
Similar expressions can also be expressed for the constituent damage operators 
M '" and in terms of their corresponding damage tensors 0"‘ and (f)^ .
A.2 Transformation o f Incremental Strain relations
Equations (2.1.3d) and (2.1.3e) given again for convenience, represent the damaged 
elastic and plastic parts of the decomposed overall strain rate tensor, € (Voyiadjis
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and K attan, 1993b)
where,
e =  M -^  : €' +  : e' (A.2. la)
e '  =  X ; 6 " +  z (A.2. lb)
X  =  (A.2.1c)
ai
z =  3 -  : N :  ((T -/3 ) (A.2.1d)
Oi
M "^  =  - M - ^  : (A.2.le)
M  =  ^  : 0  (A.2.1f)
d(j)
and the scalar quantities a j, 0 2  and 0 3  are defined as,
. . .
d f  ÊL.ÊL
( A . 2 . 1 h )
0 3  =  ^  : Ë  : M -^  : <7 : È-^ (A.2.1i)
Similarly, the damage transformation for the matrix plastic strain rate is given
as,
€"*" =  X "*:è'"" +  z"‘ (A.2.2)
where X"*, z"* are defined with the same form as X , z respectively. Additionally, 
a  relationship between the tensors X"*, z"* and X , z is established by operating on 
equation (A.2.2) with equations (2.8b) and (2.11b) to obtain,
X  =  : X"* : (A.2.3a)
z =  z"* : (A.2.3b)
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A 3 Transformation of Deviatoric Stress Components
This sections details the transformation relations for the deviatoric components of 
stress, backstress, and the deviatoric component of backstress. These relations are 
prim arily  used during plastic analysis and the transformation of the yield function. 
Two sets of transformation equations are necessary for the deviatoric components:
1) transformations in the same composite configuration with respect to damage and
2) transformations from the damaged configuration to the undamaged configuration. 
Deviatoric transformations within the same composite configuration are obtained
through use of the tensor P*" defined in terms of the stress concentration factors, B ’’, 
and expressed as,
P" =  B" -  ® (I : B") (A.3.1)
Additionally, P ’’ satisfies the identities,
I : P ’’ =  0 ; P" : P ’’ =  B" : P ’' (A.3.2)
Therefore, using the expression for P'" in equation (A.3.1), the deviatoric transfor­
mations for equations (2.6), (2.7), (2.10a) and (2.11a) become,
f " =  P" : â  (A.3.3a)
=  pm p. ^  (A.3.3b)
t " =  P" : <T (A.3.3c)
i-m =  pmp . ^  (A.3.3d)
where P'"*’, P*", P"*p have the same form as P ’’ in equation (A.3.1) and satisfy the 
identities in equation (A.3.2).
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'Itansformation of the deviatoric stress components from the damaged configura­
tion to the undamaged configuration is accompfished with the tensor N  defined in 
terms of the damage operator M  and is given as,
(A.3.4)
The tensor N  satisfies similar identities as given in equation (A.3.2) for the tensor 
P% namely,
I : N  =  0 ; N : N  =  M : N (A.3.5)
Using equation (A.3.4), the deviatoric transformation for equations (2.1.1) and (2.1.2) 
become.
T =  N  : O’
t ’’ =  : o ’’
(A.3.6a)
(A.3.6b)
where N*" has the same form and properties as N.
It is assumed tha t the backstress, /3 and its deviatoric component, a  satisfy the 
same transformation relations as the Cauchy stresses o  and r  respectively. Therefore, 
the necessary relations used in the theoretical development are given as,
(A.3.7d) 
(A.3.7e) 
(A.3.7f) 
(A.3.7g)
= B”*'’ ; /3- =  B'"P /3
6" = pmp;^ _ p m p
= M : /3 = M”* j g m
â = N : / 3 â"* = N”* (3T
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Appendix B  
Extra Curves and Photographs
B .l  Additional Load-%Strain Curves
LMd V* Loflgltuefwl % atrmln. «padiTwna SMtU, #*4#L#
Figui-e B .l: Longitudinal load-%strain curves for selected (0/90)5 specimens
Uwd V# LengHudln«( % llfdln, #MOL# SM0L4
i
3
Figure B.2: Longitudinal load-%strain curves for selected (± 4 5 ) 5  specimens
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Lo#d V# T n m v m e  % Strain, Specimen# 864SLS, 8M9L8
o#oo -
I
0 4 0 0  -I
0.000
0000 0.0*0 00 9 0
%smn
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Figure B.3: Transverse load-%strain curves for selected (0/90)s specimens
Loed V# Traniverie % Strain. Specimen# S680LS, S660I.8
0#00 -,
0 4 0 0  -
I
0000
aooo 0.W0 0.200
%8(raln
Figure B.4: Transverse load-%strain curves for selected (±45)5 specimens
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Load va Longitudinal % Strain, Spaclman S949L8 • Channel 13
9.000 — I
4.000 —
9000 —
i
1
1.000 —
0.000
0 000 0.009 0.010 0 019 0 020 0 029
% Strain
(a)
Load va Longitudinal % Strain, Specimen SS49L8 - Channel 17
6000 — I
4.000 —
I
2.000  —
0.000
0.020 
% Strain
(b)
Figure B.5: Longitudinal load-%strain curves for selected (0/90)g initial crack spec­
imens : (a) S549L8 Channel 13 (b) S549L8 Channel 17 (c) S549L9 Channel 15 (d) 
S549L9 Channel 17
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Load va Longitudinal % Strain, Spaciman S649L9 • Channai 16
•.Q O O  — 1
4 000 —
g
I
2.000 —
0000
0.010 0020 
% Strain
(c)
Load va Longitudinal % Strain, Spaciman 8649L9 • Channai 17
6000 —I
4000 —
i
I
2000  —
0.000
0.000 0.010 0.020 0.090 0.040
H Strain
(d)
Figure B.5: cont’d
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Load va Longitudinal % Strain. Spaciman 86S0L8 - Channai 86
4.000 —I
3.000 —
t
I 2.000  —
1 000 —
0000
0000 0020 0.040 0060 0.060 0.100
% Strain
(a)
Load va Longitudinal % Strain, Spaciman S680L8 • Channai 88
4,000 —1
3 000 —
i
1
2.000  —
1.000  —
0.000
0.000 0.020 0.040 0 060 0.060 0.100
% Strain
(b)
Figure B.6: Longitudinal load-%strain curves for selected (±45)5 initial crack speci­
mens : (a) S550L8 Channel 86 (b) S550L8 Channel 88 (c) S550L9 Channel 86 (d) 
S550L9 Channel 88
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Load va Longitudinal % Strain, Spaciman S8MLB • Channai SS
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4.000 —I
3.000 —
I
I 2000  —
1000 —
0000 0.010 0.020 0 030 0.040 0.090
% Strain
(c)
Load V# Longitudinal % Strain, Spaciman S660L9 • Channai 88
4 000 —I
3 000 —
I
I 2.000 —
1.000 -
0.000
0.000 0 010 0.020 0.030 0.040 0.090
% Strain
(d)
Figure B.6: cont’d
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Load va Transvaraa % Strain. Spaciman S54SL8 - Channai 14
#000 —,
4000 —
1
I
2.000 —
0.000
0.100 0 200 
% Strain
(a)
Load va Transvaraa % Strain. Spaciman SS49L8 - Channai 16
4 000 —
s
Ï
2  000  —
0.000
0.000 0.060 0.100 0.100 0.200 0.200 
% Strain
(b)
Figure B.7: IVansverse load-%strain curves for selected (0/90)g initial crack speci­
mens : (a) S549L8 Channel 14 (b) S549L8 Channel 16 (c) S549L9 Channel 14 (d) 
S549L9 Channel 16
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Lo#d V# Tfmn#v#r#e % Strain, Sp#clm#n S649L9 • Ghmnn#! 14
e.oQO
I
I
2000
0.000 0.090 0.100 0.190 0.200 0.290
% Strain
(c)
Load vs Transvsrsa % Strain, Spaciman S649L9 • Channai 10
6.000
I
!
2.000
0.000
0.000 0 000 0.100 0.100 0.200 
% strain
(d)
Figure B.7: cont’d
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Load va Tmnavaraa % Strain, Spaciman S6S0L8 - Channai 87
4.000 —I
3.000 —
t
!
2 000 —
1000  —
0000
0100 0.200 
% strain
(a)
Load va Tranavaraa % Strain, Spaciman 8880L8 • Channai 89
4 000 —;
3.000 —
I 2 000 —
1.000 —
0.000
0.000 0.030 0.100 0.100 
% strain
0.200 0 200
(b)
Figure B.8: TVansverse load-%strain curves for selected (±45)5 initial crack speci­
mens : (a) S550L8 Channel 87 (b) S550L8 Channel 89 (c) S550L9 Channel 87 (d) 
S550L9 Channel 89
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Load va Tfanavoraa % Strain, Spaciman S8S0L9 • Channai 87
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4 000 —I
9.000 —
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1.000 —
0090 0.100 0.2000000 0 190
(c)
Load vs Transvsrsa % Strain, Spaciman S660L9 • Channai 89
4.000 —I
9.000 —
I 2 000 —I
1.000 —
0.000
0.000 0.040 0.090 0.120 0.190
% Strain
(d)
Figure B.8: cont’d
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B.2 Longitudinal %Strain Distribution Curves for Initial Crack 
Specimens
S p * d m « n :  ÿ& 4 0 L - 7 .  l o o d tn g  t o  tn H io l e m e w
S t r p t n  V# O io to n c o  t o f  3 0 %  in i t  c m c k  l o e d .  f o c e  i ,  e t  c fe e w
s?
- 0 . 5 0 0 . 5
O l t tg n e e  m f r o m  c r o c k  c o n t o r  ( i n c h # # )
(a)
S o o e im o n ;  # 5 4 8 L - 7 ,  t e n t i i e  l o o d 'n g  t o  in it (o i c r o c k  
S t r o 'n  v a  O ia to n c a  f o r  5 0 % in<t c r o c k  t o e d ,  f o e #  1 ,  o t  c r o c k
.6
I
0 . 5
(b)
Figure B.9: %Strain distribution as % of load for (0/90)s initial crack specimens :
(a) S549L7 30% (b) S549L7 50% (c) S549L7 70% (d) S549L7 90% (e) S549L7 100% 
(f) S549L8 30% (g) S549L8 50% (h) S549L8 70% (i) S549L8 90% (j) S549L9 30% 
(k) S549L9 50% (1) S549L9 70%
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M
K
Specim en: ((I549L—7 , ten sile  loading to  Initial crack
Strain v s D istance far  70% Init crack  load, fa c e  1, at crock
m
- 0 . 5 0 0 .5
D istonce x fro m  c ro c k  c e n te r  ( in c h e s)
(c)
S p ec im en : j(l549L—7, ten s ile  looding to  Initial c rac k  
S tra in  v s  D istan ce  fo r  90%  Init c ro c k  load , fo c e  1. o t c ro ck
D istan ce  % fro m  c ro c k  c e n te r  (In ch es)
(d)
Figure B.9: cont’d
O
U O C N O?
SI
- 0 . 5 0 0 .5
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
125
(/)
K
Specim en: ^ 549L —7, tenalle loading to Initial crock
Strain vs D istan ce for 100% Init crock  load, fa c e  1, at crock
o
o
I
i
ro
?■
- 0 . 5 0 0 .5
D is tan ce  x fro m  c ro c k  c e n te r  ( in c h e s )
(e) ■
S p e c im e n : #5491 8 , te n s ile  load ing  to  90%  o f c ro ck  in it(5 7 6 0 b s )
S tro in  v s D isto n ce  fo r  30%  init c ro ck  lood, fo c e  1. o t c ro ck
o
3OI
I
- 0 . 5 0 0 .5
D isto n ce  x fro m  c ro c k  c e n te r  ( in c h e s )
(f)
Figure B.9: cont’d
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Specim en: |)IS49L_8, ten sile  loading to  90% o f  crock In it(5760b s)
Stroin v s  D istance for 50% init crock lood, fo c e  1, ot crock
- 0 . 5 0 0 .5
D istan ce  x fro m  c ro c k  c e n te r  ( in ch e s)
(g)
S p ec im en : ||l549i 8 , te n s ile  load ing  to  90% o f c ro ck  in it(5 7 6 0 b s )
S tro in  v s D istan ce  fo r  70%  init c ro ck  lo ad , fo c e  1, o t c ro ck
m
*11 •*.
—0 .5 0 .5
D istonce  x  f ro m  c ro ck  c e n te r  ( in c h e s)
(h)
Figure B.9: cont’d
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S p ecim en : ^ 5 4 9 1 ^ 8 , ten sile  loading to  90% o f crock in it(5 7 6 0 b s)
Strain vs D istan ce for  90% Init crock  load, fa c e  1. a t crock
K
o
o
I
o
I
SI - 0 . 5 0 0 .5
D is tan ce  x fro m  c ro ck  c e n te r  (In ch es)
(i)
sp e c im e n : (jl549L—9 , te n s ile  loading to  80%  c ro ck  in it( 5 1 2 0  lbs) 
S tro in  vs D isto n ce  fo r  30%  init c ro ck  lo ad , fo c e  1, o t c ro ck
o
I
I
I
I
- 0 . 5 0 0 .5
D isto n ce  x fro m  c ro ck  c e n te r  ( in ch e s)
Ü)
Figure B.9: cont’d
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Sp ecim en : |{IS49L—9, tensile  loading to  80% crock init( 5 1 2 0  lbs)
Strain v s  D istance for 50% init crock load, fa c e  1, a t crock
o
I?
o
I
- 0 . 5 0 0 .5
D istan ce  x from  c ro ck  c e n te r  ( in c h e s)
(k)
S p e c im e n : |)I549L—9 , ten s ile  load ing  to  80%  c ro ck  init( 5 1 2 0  lbs) 
S tra in  vs D is ta n ce  fo r 70%  init c ro ck  lo ad , fo c e  1, o t c ro ck
CM
- 0 . 5 0 0 .5
D istan ce  x from  c ro ck  c e n te r  ( in c h e s)
(1)
Figure B.9: cont'd
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Specimen: |S 5 0 L ~ 7 . tenelle loading to Inltloi crock
Strain vs Dietonce for 30% Init crock lood, foce 1, o t crock
M g
0
D istance k from  cro ck  c e n te r  (Inches)
0 .5
(a)
Specim en: |5 5 0 L —7. tenaH e loading  to  Initial c rock  
S troin vs D istonce fo r 50% Init c ro ck  lood, fa c e  1, a t  crock
IM
8
0
D istance m from  c ro ck  c e n te r  (inches)
0 .5
(b)
Figure B.IO: %Strain distribution as % of load for (±45)5 initial crack specimens 
: (a) S550L7 30% (b) S550L7 50% (c) S550L7 70% (d) S550L7 90% (e) S550L7 
100% (f) S550L8 30% (g) S550L8 50% (h) S550L8 70% (i) S550L8 90% (j) S550L9 
30% (k) S550L9 50% (1) S550L9 70%
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Specim en: j{IS50L—7 , tensile  loading to  Initial crock
Strain v s  D istance for  70% Init crock  load, fa c e  1, at crock
in  o
«  o
- 0 . 5 0 .5
D istan ce  x fro m  c ro c k  c e n te r  (In ch e s)
(C)
S p ec im en : # 5 5 0 L —7, ten s ile  loading to  initiol c ro ck  
S tro in  v s  D istan ce  fo r  90%  init c ro c k  lood, fo c e  1, o t c ro ck
o
o
L fO C N O
f
?
- 0 . 5 0 0 .5
D istan ce  x fro m  c ro c k  c e n te r  ( in ch e s)
(d)
Figure B.IO: cont’d
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Specim en : ))(550L—7 , tensile  loading to  Initial crack
Strain vs D istance for 100% Init crock lood, fa c e  1, o t crack
(/)
K
S
o
o
I
?
- 0 . 5 0 0 .5
D istan ce  x fro m  c ro c k  c e n te r  ( in c h e s)
(e)
S p e c im e n : # 5 5 0 L —a , ten s ile  looding to  90% o f init crock(344>2 lbs) 
S tra in  vs D istan ce  fo r  30%  init c ro ck  lo ad , f a c e  1, a t  c ro ck
o
o
o
I I
K  I
LXOCNO
•t tmm* 1147 4—6 IM.
I
I
I
I
- 0 . 5-1 0 0 .5 1
D istan ce  x f ro m  c ro ck  c e n te r  ( in c h e s )
(f)
Figure B.IO; cont’d
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in
K
K
S p ecim en : f^SSOL—B, tenalle  loading to 90% of Init cra ck (3 4 4 2  lbs)
S tra in  va D istan ce  fo r  50%  Init c ro ck  lood, fa c e  1, a t  c ro ck
§
o
S
o
I
?
-1 - 0 . 5 0 0 .5 1
D istan ce  x fro m  c ro ck  c e n te r  ( in ch e s)
(g)
S p e c im e n : #5501 .—8 , te n s ile  looding to  9055 of init c ro c k (3 4 4 2  lbs) 
S tro in  v s D istonce  fo r  7055 init c ro ck  lood, fo c e  1, o t  c ro ck
o
U G C N O
O
I
- 0 . 5 0-1 0 .5 1
D istonce  x fro m  c ro c k  c e n te r  ( in ch e s)
(h)
Figure B.IO: cont’d
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Specim en: ^550L —8, ten sile  loading to  90% of Init crock(344>2 lbs)
Strain v s D istance for 90% Init crock lood, fa ce  1. ot crock
in
K
o
o
o
I
OJ
o
I
SI
-1 - 0 . 5 0 0 .5 1
D istonce x fro m  c ro ck  c e n te r  (in ch es)
(i)
S p ec im en : j)l550L—9, ten s ile  te s t  to  80% init c ro ck ( 3 0 6 0  lbs) 
S tra in  v s  D istonce  fo r 30%  init c ro ck  load , fa ce  1, a t  c ro ck
I 1147 4-10 &4. 1147 4-ID mm, r
- 0 . 5 0 0 .5
D istan ce  x fro m  c ro c k  c e n te r  ( in ch es)
Ü)
Figure B.IO: cont’d
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Specim en: # 5 5 0 L - 9 ,  ten sile  te s t  to  60% Init crock ( 3 0 6 0  lbs)
Strain v s D iston ce for  50% Init crock  load, fo c e  1, ot crock
o
L£OCNO
I
- 0 . 5 0 0 .5
D is ta n ce  x fro m  c ro c k  c e n te r  ( in ch e s)
(k)
S p e c im e n ; # 5 5 0 L —9 , te n s ile  t e s t  to  80%  init c ro ck (  3 0 6 0  lbs) 
S tra in  v s  D is ta n ce  fo r  70%  init c ro c k  lo ad , fa c e  1. o t  c ro ck
o
o
U O t N Dto
M g
0 0 .5
D is tan ce  x fro m  c ro c k  c e n te r  (In ch es)
(I)
Figure B.IO: cont’d
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B.3 Additional SEM Photographs
411:; 15KU tm.umiM .5 = 54911 p - o o o i i  
lOOUM  ---------:------- :-------
Figure B .ll: SEM photograph of (0/90)g specimen at 70% of failure load
432X : 15kV HD:24nm , 5 : 5 4 9 1 6  P=00016
lO0um—  ------- - ------ - ---------- —^ :— '
4  75V #8lbs%
L o W l t u d l n a l  c r o H  I s ÿ C tA n  • .
f i b e r  s p l l t t l j
Figure B.12: SEM photograph of (0/90)5 specimen at 75% of failure load
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Figure B.13: SEM photograph of (0/90)5 specimen a t 80% of failure load
6 3 6 X 15k0 .W0:,21mm ' ■ S : 5 4 9 L 4 . P : 0 0 0 1 3
5 0 um , :  ---------:— -  :
85% of fa llu r& xffad  I820lbs 
Longltudlpa'^ross section
! ■ I j l
l i
I . .. :  ^ '
f ibe r  s p l i t t in g
Figure B.14: SEM photograph of (0/90)5 specimen a t 85% of failure load
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■po l i shed  su r fa c e  1-
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Figure B.15: SEM photograph of (0/90)5 specimen a t 90% of failure load
Figure B.16: SEM photograph of (±45)5 specimen at 80% of failure load
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FIBER CRACKINC
Figure B.17: SEM photograph of (±45)5 specimen a t 85% of failure load
Figure B.18: SEM photograph of (±45)g specimen at 90% of failure load
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Appendix C 
Program Sources
This appendix contains flow charts and source code for the various programs used 
in this work.
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C l  D ata Acquisition Source
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YES
IF LOAD=STOP LOAD
NO
NO IF MOD(TIME,TIME_INT)=0
YES
LOAD SPECIMEN 
AT RATE U
BEGIN COM PUTER CONTROLLED TEST
UNLOAD SPECIMEN 
ST O P TEST
RECORD STRAIN READINGS
D A T A  A C Q U IS IT IO N  C O N T R O L
GRIP ONE END O F  SPECIMEN 
AND RECORD STRAIN
GRIP OTHER END O F  SPECIMEN 
AND RECORD STRAIN
INITIALIZE DATA ACQUISITION 
DEVICE AND CONTROL DEVICES
Figure C.l: Flow of Control for Data Acquisition System
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
141
[iiilillllliiilifliiiiiiüiiiiiiilliilililliiliilîliiiililUliilil
i
I
il I I I  I  i l  l à  i,  i l !  i  II, il I I1*^3
= a HIH II! il! 3f î i î l f
' ® " | |  ! ,  i i l ]
: i i I  il i , i  ! i  I I I ,
m m  { ü  l i t  i j  ! î i i «  i i L  j i i i i i i
4L J l l l i i f f l l l l â
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
142
I
III
i f !
I
H i
t S M■ '- 'S E  =
|3  I
l!iï
s e l lII i lM lMa;  ;
5 6  55s
K KtS
li
In
53
_6i
t f i l
ilii
j
I
}|
Ii!
!
Î
II
II
If a i l l i
l u i t i
Igi iSSa
Ill
y
Ilii liiliIIS IIIIII
166666
III
É
111liIé  t
s
I
A
ill
‘li
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
143
Si! (iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiilliiiiliiiiiiiiiiiiiiiiiii
r Z
i
I
! 11
I1
1 -
/ r i B S = %21 . T i
l r |  1 I l î
J i fi i i f i 1 1 1 . » ! !
n  22 52S2 22
2 2  22 5 5 2 2  22 g1 t f t r s l
2 " ,5 5 s  - - i i r
1
r i
ï-i
ilill!
I l
g  S
SI
J !  à iüii II f f _ lç i i l l ?
_2ll885- - ï .s a lS S -
iiflliiifiliifiliifiiiiiiilîffflfÿ
i l ; Lîll I .1!; i
î l l l
ïllil
il
, 1
«i II
- 3 *
t
i
m
1=
i l ! ? I h SI
. i i l l !
-lîlll il!p5
??
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
144
3 :
I! n I if
m i l  I I I  j  I
1= i
It
R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.
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Figure C.2: Program Flow of STRSEPAD
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